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Abstract

The partially integrated transport modeling (PITM) method first introduced in Ref. [R. Schi-
estel and A. Dejoan, “Towards a new partially integrated transport model for coarse grid and
unsteady turbulent flow simulations ”, Theor. Comput. Fluid Dyn. 18, 443 (2005)] and in Ref.
[B. Chaouat and R. Schiestel, “A new partially integrated transport model for subgrid-scale stresses
and dissipation rate for turbulent developing flows 7, Phys. Fluids 17, 065106 (2005)] provides a
continuous approach for hybrid RANS-LES simulations. Inspired from the multiple scale approach,
the basis of the development of the method is the spectral space in quasi-homogeneous turbulence.
The PITM method embodies a partitioning control function that monitors the ratio of subfilter en-
ergy to total turbulent energy by reference to the cutoff wavenumber location. How this procedure
behaves in inhomogeneous flows is an important question. The present paper demonstrates that
the same control function can be used both in homogeneous and in non-homogeneous flows as well.
Further on, an analysis of the effect of anisotropic filters generally used for wall flows is conducted
for computing the equivalent cutoff wavenumber suitable for determining the subfilter energy of
the spectrum and see how it interferes with control function. Illustrations in the turbulent plane
channel flow are given that confirm the efficiency of the procedure and DNS data have been used

to support and supplement the discussion.



1 Introduction

Both Reynolds Averaged Navier-Stokes equations (RANS) and Large Eddy Simulations (LES) often
used in Computational Fluid Dynamic (CFD) have their advantages and their drawbacks for the sim-
ulation of turbulent flows [1, 2, 3]. On the one hand, the Reynolds Averaged Navier-Stokes (RANS)
methodology based on a statistical averaging or in practice a long-time averaging is often used in in-
dustry for tackling engineering flows encountered in aeronautics applications. This method performs
well for turbulent flows in relatively simple geometries with reasonable computational costs provided the
mean flow quantities vary slowly in time and space. On the other hand, highly resolved Large-Eddy Sim-
ulation (LES) which consists in modeling the more universal small scales while the large scales motions
are explicitly calculated is a promising route for reproducing accurately the details of unsteady flows
but, up to now, it still remains not affordable for industrial applications involving large computational
domains, even with the rapid increase of super-computer power [1, 2, 3]. Another issue in industrial
LES is the need for a very long computational time, especially when low-frequency phenomena are in-
volved, for instance in situations with flow separation. Hybrid RANS/LES methods that combine both
advantages of RANS and LES methods have been developed in the past two decades in this context for
simulating practical turbulent flows and produced fair results and reasonable computational resources
are required [2, 3, 4, 5, 6]. Among these methods, the main schools of modeling that can be retained as
representative are the so-called Very Large Eddy Simulation (VLES) [7], the Detached Eddy Simulation
(DES) [8, 9], the Partially Integrated Transport Modeling (PITM) method [10, 11], the Partially Aver-
aged Navier-Stokes (PANS) method [12, 13, 14], the Scale Adaptive Simulation (SAS) [15, 16]. Among
these different methods, the PITM method gains its particular interest in its ability to bridge the RANS
and LES approaches with seamless coupling and thus it avoids the overwhelming problems caused by
the so-called gray zone that are usually posed by zonal hybrid RANS/LES methods. In all these hybrid
methods, the subfilter part of the turbulence energy is usually substantial and for this reason turbu-

lence transport models are appropriate and justified, while they would not be necessary in fine grid LES.

Continuous hybrid models for turbulence simulation like the PITM [10, 11] approach provide a



seamless passage from LES behavior to RANS type behavior in respect to the grid-size of the mesh and
turbulence length-scale. The PITM method developed by Schiestel and Dejoan [10] for two-equation
subfilter scale (SFS) energy models and Chaouat and Schiestel [11] for subfilter scale stress transport
models based on second-moment closure (SMC) is funded originally on the spectral equations for quasi-
homogeneous turbulence [17, 18, 19] and from using a partial integration of an analytical Von Karmén
like energy spectrum to establish a link between the subfilter energy and the grid [20]. The energy
splitting technique used in PITM for turbulent flows is of general character and has been recently ex-
tended to passive scalar fields [21]. If considering the hypothesis of tangent homogeneous space [22], it
becomes then possible to deal with non-homogeneous flows with a good approximation for practice. An
important parameter is given by the ratio of the subfilter energy <k(5)> to the total energy of turbulence
k denoted as r = (k) /k. This parameter was introduced in the PITM [10, 11] and also in the PANS
[12, 13, 14] methods for controlling the portion of turbulence energy modeled in the subgrid scale level
although these two methods are based on different argument involving either the spectral space or the
physical space [3]. In the PITM framework, this partial energy parameter is connected to the cutoff
wavenumber in order to control the fraction of energy of the simulation in relation to the calculation
grid density and the turbulence length-scale. It is thus dynamic in time and space for the PITM [11, 23]
while it is assumed to be a constant in the original PANS method in practice for CFD applications [14].
The appropriateness of the grid refinement is obviously disregarded and consequently, the consistency
between the mesh and the subfilter energy is no longer automatically fulfilled as it is in PITM [24].
This is in fact, one of the main differences between the resulting final equations obtained in PANS
compared to PITM, as shown in the review paper of Chaouat [3]. Note that a new formulation of the
PANS method was subsequently devised using partial integration of the complete Von Karmén energy
spectrum F(k) as introduced earlier in PITM to correct this drawback [25, 26, 27]. An additional devel-
opment has been made on the PANS model to accurately reproduce the boundary layer and the details
of the wall flow structure attributed to hairpin vortices and ejection/sweep mechanisms in channel flows

but by loosing seamless coupling in sacrifice [28, 29].

By way of illustration, one can mention the turbulent flow over periodic hills that constitutes a

challenging test case that embodies turbulence mechanisms associated with separation, recirculation,



reattachment and acceleration. This flow was performed on coarse grids by Chaouat [30], Chaouat
and Schiestel [23] using the PITM at the Reynolds number R, = 10595 and 37000, respectively, as
well as Razi et al. [24] using the PANS at both Reynolds numbers, while returning satisfying results.
More recently, Heinz et al. [31, 32, 33] have taken up in its principle the PITM method concerning the
dependence of the coefficient C’e(f ) in the dissipation-rate equation € to derive a variant model called Con-
tinuous Eddy Simulation (CES) based of the transport equation for the turbulence frequency w = €/k.
This method was used to simulate the two-dimensional periodic hill flow at the Reynolds number 37000
[5]. Note that Jakirli¢ and Maduta [34] also performed this flow at Re = 10595 using the IS-RSM model
in line with the SAS.

Two steps in PITM are identified in the control mechanism to monitor the energy ratio in relation
to the filter width, or in practice the grid size of the mesh. The first step determines the connection
between the model parameter and the energy ratio r by specifying the function C’e(f). The second step
gives a connection between the ratio r = </<;(8)> /k and the cutoff wavenumber or equivalently, the filter
width. We will demonstrate in the following that the first step obtained in homogeneous turbulence
remains still valid in all cases, including homogeneous and non-homogeneous flows. In order to get an
efficient control, both steps are necessary. Indeed, when trying to interpret physically the meaning of
the parameter ratio r = <k(5)> /k, one easily realize that there are at least two different reasons for a
variation in its value. The first reason can be attributed to a change in the filter width compared to the
turbulence macroscale [35] and the second reason can be due to a change in the spectral distribution
corresponding to a departure from equilibrium [20]. These two different cases are sketched in Figs. 1
and 2, illustrating the evolving energy spectrum with the same decrease in r. As a consequence, it
appears also mandatory to provide a link between the cutoff location and the subfilter energy level in
order to get control at the length scale level. As mentioned above, this fact was recognized in the very
early versions of the PITM method [10, 11] that introduces a direct link between the ratio r and the
filter width or the cutoff wavenumber x. that is usually equal to the grid size. An additional important
point which interferes with the function C’e(j ) (r) is the concern of the necessary use of anisotropic filters
in non-homogeneous flows such as turbulent wall flows. Indeed, the filter anisotropy may significantly

alter the determination of the equivalent cutoff wavenumber and consequently the function C.5’ [r(Ke)]-



¢ )

\
\ \
0 1 | | K
- K = -
DI B ]
0 |_O Kd:L‘d

Figure 1: Variation of r due to self-similar near equilibrium decay Ly may vary, L. fixed and L; may

vary

As it was pointed out above, the PITM method was developed in a spectral framework with the
hypothesis of homogeneous turbulence or the hypothesis of locally homogeneous turbulence [22]. In this
approach, the turbulence diffusion terms in the dissipation-rate equation were introduced subsequently
as an empirical addition. Obviously, the control function R(r) = r in the dissipation-rate transport

equation represented as an adjustable varying parameter in the source term
CE) = CY + R(r) (Ce, = Cu) (1)

where C,, and C,, are the constant coefficients used in the RANS dissipation-rate equation, has been
kept for the simulation of non-homogeneous flows. The linear dependence of the function R(r) has been
questioned recently by Heinz et al. [31, 32, 33] so that it should be necessary to clarify the situation.
We will demonstrate in this work that the value R = r found in locally homogeneous flows in the

framework of the PITM method still remains valid in non-homogeneous turbulent flows.
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Figure 2: Variation of r due to strong departure from equilibrium L. fixed and Lg, L4 almost const.

2 Mathematical framework

2.1 Averaging and filtering processes

Turbulent flow of a viscous incompressible flow is considered. In RANS methodology, each variable ¢ can
be decomposed into a statistical part (¢) and a fluctuating part ¢’ such as ¢ = (¢) + ¢’ whereas in large
eddy simulation, the variable ¢ is decomposed into a large scale (or resolved part) ¢ and a subfilter-scale
fluctuating part ¢~ or modeled part such that ¢ = ¢ + ¢~. The instantaneous fluctuation ¢’ contains in
fact the large scale fluctuating part ¢< and the small scale fluctuating part ¢~ such that ¢’ = ¢< + ¢~
So that the instantaneous variable ¢ can be then rewritten as the sum of the mean statistical part (¢), the
large scale fluctuating part ¢< = ¢ — (¢), and the small scale fluctuating part ¢>. The filtered variable
¢ is defined by the filtering operation as the convolution with a filter G' in physical space ¢ = G * ¢
that leads to the computation of a variable convolution integral [35, 36]. As known, the properties of

the filtering process are different from those of the statistical averaging process. In particular, gZ:> £ ¢,



(=) = — (¢”) # 0. As aresult of interest, one note also that (¢) = (@) — (¢~) # (¢) so that there is no
direct connection between the averaged field in a statistical sense and the filtered field in LES. But, all
these difficulties disappear in an homogeneous turbulent field if the spectral cutoff filter is used [22, 35].
In this case, the large scale fluctuations (resolved scales) and the fine scale fluctuations (modeled scales)
are formally defined from the physical meaning of the Fourier transform of the fluctuating quantities ¢’
using the cutoff wavenumber k. as the lower bound of the integration interval. In the physical space,

the large scale < and the fine scale ¢~ are then defined from the well-known Fourier transforms

o< = /| XK w)esp rg) d (2)

b = /| IRy esp g d (3)

where k. denotes the cutoff wave number defined as k. = /A accounting for the filter width A which
may be larger than the grid-size of the mesh. In the general case, it is useful to refer to the tangent
homogeneous space at a point of a non-homogeneous flow field assuming Taylor series expansion in space
for the mean velocity field in the derivation of transport equations of turbulence because the large scale
and small scale fluctuations are uncorrelated (¢ ¢<) = 0. Moreover, it appears that (¢) = <ng5> = ()
[35]. In general practice however, it is assumed that (¢) ~ (¢) only if the variation the filter function

is not too progressive (sufficiently sharp).

2.2 Structure of the turbulence transport equations

Recalling main results obtained in previous publications [10, 11], the dissipation-rate equation in the

PITM method was thus derived for homogeneous flows as
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The function C’S )(r) described above has been established as a linear function
Ce(j) = Cs(f) +r (062 - 061) (5)

where
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with 0 <r<1,andr= <k(s)> /k . We will show in the next section that this result remains valid for
non-homogeneous flows. In a second step, the energy ratio r was then connected to the cutoff value by

using spectral integration of a Von Kéarmén like spectrum [20)]

<k(s)> B 1
koo (14 )™ "

to obtain the result [20]
Ceg - Cel

(s) — i
C =0, + T (8)
with 32
Tk mL
L Y ®)

where 8 = [2/(3C,)]?/? and C,, =~ 1.5 is the Kolmogorov constant. The limiting values » = 1 and 7 = 0
correspond to the full RANS modeling and DNS, respectively. In the limiting condition when 7. goes
to infinity, then

1 1
lim = ;3 10
e (L4 g B o

The relation (8) can be meaningful only if the r dependence in (5) and (6) of the first step is correct. This
point is thus relevant to the first step described above and it deserves specific interest. This question
was addressed by Heinz et al. [31, 32, 33] and will be discussed in the present paper in the following
section with the aim of confirming the validity of relations (5) and (6) in all cases. The demonstration
is based on a more detailed account of the statistically averaged subfilter equations, compared to the
non averaged ones. Indeed, the equations solved in the subfilter model are applied to the unsteady
large scale motions that are already a part of the fluctuating turbulent flow field. The statistical mean
counterparts of these equations have also been largely studied by Chaouat and Schiestel [22]. These
equations are similar in their general form but the physical interpretation of the various terms gives
important informations that are the key for the demonstration of the next section. As the reasoning
will rely upon the subfilter scale transport equations as developed by Germano [37] and also by Chaouat

and Schiestel [22]. The unsteady transport equation for the subfilter energy k() = 7(u;,u;)/2 reads



[22, 37]
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(11)

where the functions 7(f, ¢g) and 7(f, g, h) are defined in Appendix A. Using derivative operators defined

in Appendix B, it is then possible to rewrite this equation in a more compact form as

Dk ok . Cok® 91 ()] + 0%k
Dt ot Yox, o |2 T og o,
107(pw) Ou; Ou; 9 (u;) Ouy
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Although, it is the unsteady equations that are solved numerically in the simulation, the terms of these
equations have non-zero mean values. So, their averaged version deserve attention because they have
to be verified also. The averaging in a statistical sense of Eq. (11) reads
D (k) o (k) o (k)
(K9) _0() 0 (k)

TR 0= = PP 4 ) _ @ 4 j@ (13)
€y

The terms in the RHS, where superscript (1) pertains to the resolved zone and superscript (2) pertains

to the subfilter zone, are defined as :

PO — _ <Tl.(j’> aag) (14)

PO — <Tz‘(js)85%> (15)

P (G ) ) = o o)~ w

J@ = —aixj B (uju]u; )y + <uj<k(s)>} ;aﬁ (p7u7) + ’/% (17)

The diffusion term J® contains both a diffusion due to the small scales J2)% and a diffusion due to the

large resolved scales J)" in addition to the molecular term J$¥. This is clear when rewriting J? as

9] o1 10 0 (k)
g - Z <k Y s s> >0 1
Oz, > _ 02 () = 8x1< >+V 833]6% (18)
J(;G,T J(‘Qr),s Jl(/2)



The production term in the subfilter kinetic energy equation (12) is defined as

(s) 8ﬂl _ (3)8< Z> (S 8u

p) — L —
Tij Oz, 7ij Ox; Tij Ox;

(19)

and its mean value then equal to

s 87 s 8<ul) s 6u<
p) )N ONZAEL )2
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that is to say

(PO) =~ (PP + F®) 1)
The production P®) is an unsteady fluctuating production term, while P = < Z(]S)> 0 (w;)/0x; is
the statistical production related to mean flow and F() = — <Tl-(js)8ul-< / 8a:j> denotes the mean spectral

cascade flux through the cutoff. We recall that u; = (u;) + u; . From these equations, it is worth
emphasizing in particular that the production of energy from the mean flow <P(s)> in statistical models
is replaced in the large eddies simulation by the production P®® from the filtered motion, which is thus
a fluctuating quantity. It embodies a contribution from the mean flow and a contribution from the large
scales as shown in equations (19) and (21) as well. Considering an eddy viscosity closure, would lead

to the approximation

ou;  Ou; 2
© _ o (U O 2 s 99
i (axj T 8%‘) + 2k, (22)
and then
du;  Ju;\ Ou; - =
P(s — v J L Q<< 2
< > < <8 ) + &vi) 8:1:j> <Vt SZJSZJ> (23)
with
1 8’&2 6uj
55 =5 <axj * axi) 24

As already mentioned above, another important remark applies to the turbulence diffusion terms in
the turbulence subfilter transport equations. In the statistical equations, the diffusion term for full
quantities (all the spectrum is integrated) like k is approximated by a gradient diffusion term using
scalar or tensorial diffusivities of order Ck?/e. When solving the unsteady subfilter quantities like &(*)
the diffusivity will be of order Cjk( / €®) being a fluctuating quantity. But the diffusion for the mean
value k) is not just the mean value of the diffusion, it is different, because of unsteadiness as mentioned

in the previous section and in Refs. [22, 38]. In the case where the variation of the filter function is

10



sufficiently sharp [22, 36, 35], we get T, (-) ~ousuT u;, and T-(»r) ~ u;uy implying that k) ~ u7u; /2 and
k") ~ uSuS /2 and therefore k ~ <k(5+7")> where k677 = k() + k) so that k ~ [(ufus) + (u7u))]/2.

Moreover, the particle derivatives verify

du;u; Ok Ok 9k Oujuiug
— T 2 , , 25
iz o T G T e T A, (25)

Taking the averaging of Eq. (25) allows to get

duzuz\  0(kW) oK) 9 < 0
Wy _ ) ]{Z(S > > > 2
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D<;?S)> 82 (r) i ;s)

P
So, q)gr) ~ <uj<k;(s)> is involving the macrofluctuations velocities. This is reflecting the fact that even if
<k(5)> is a sub-filter quantity, all the turbulent scales (small and large) contribute to turbulent diffusion
of the mean value. Applying (152) with ¢ = k), one can obtain

<m<s>> _ DR 0k o

and equivalently for epsilon

Dels) D (e O {u<e®
Dt Dt 0:cj
The fluctuating inertial term in the particular derivative which is entirely resolved in the large eddies

simulation, is then interpreted as a turbulent diffusion term in the statistical context. This term is
fully resolved in the simulation, but for the need of the following argumentation, an approximated form
is given Appendix C to get an estimate. These previous remarks will be essential in the following
developments. We emphasize in addition, that in the practical PITM numerical simulation, one does
solve equation (12) in its unsteady instantaneous form and not equation (13) which is written in a
statistical form. However, equation (12) indeed contains all the information of equation (13). These
two equations are not antithetical, the first one contains the second one. To insure consistency, the
fluctuating advection terms in the unsteady equations can be considered as a non-zero mean value
(physically interpreted as a diffusion term) plus a purely fluctuating part with zero mean. The only
difference is that the diffusion term <u<k:(s > and the production term F'") due to macro-fluctuations
are simulated in the first case and are modeled in statistical approaches like multiscale models but they

are present in both.
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3  The control function in non-homogeneous turbulent flows

In a general point of view, one can consider the control function R as a function of r = </<;(8)> /k such
that 0 < R(r) <1 appearing in Eq. (1) in the dissipation-rate transport equation represented as an
adjustable varying parameter in the source term. Formulated in such a way [31, 32, 33], the issue to
address is then to determine the variation in the solution of the turbulence model induced by a given

variation in this control parameter.

3.1  Turbulence transport equations in non-homogeneous flows

We demonstrate in this section that the value R = r found in locally homogeneous flows in the framework
of the PITM method still remains valid in non-homogeneous turbulent flows. This result is not obvious
and is not necessarily true for any subgrid scale model. Indeed, the work of Heinz et al. [31, 32, 33]
based on a variational approach has shown that very different results can be obtained depending on
the model considered. In some cases very strong variations can be obtained such as R = (A/ L)2 = >
corresponding to R = r® which is very different from R = r, in particular for small values of r. This
result seems to be dependent on the formulation of the transport equations of each particular model.
We shall restrict ourselves here to the PITM model. Let us consider now, the PITM model in the
simpler kinetic energy form with eddy viscosity coefficient. This choice is made for simplicity in the
present purpose, but second order modeling would also lead to the same results. The modeled unsteady
kinetic energy equation corresponding to the exact instantaneous equation (12) that is solved in the

PITM simulation reads

DL 5
e I (kK©) (29)
where ,
() 9k (s)
) (1) _ 9 K
Jk (k ) - Ck@xj ( =(s) &L’j ) (30)

The numerical simulation using this equation produces a fluctuating solution including the eddying large
scales. It is then possible to operate a statistical averaging to this solution in order to get the mean
values of the calculated quantities. Mathematically, these mean values also verify the mean equation

developed below. Unlike in the modeled equation for the mean kinetic energy, here some terms are

12



obtained from averaging of resolved quantities and not modeled. The averaging in a statistical sense of

equation (29) is then
(s)
(o) = (PO = (=) 4 (987 () (31)

in which the diffusivity term using gradient approximation as been slightly approximated considering

that o2 o
) 1?2 1) KON 9 (kG
<Jl<(; ) (/{:(S))> C, < > o~ Ck< > < > (32>

e®) Oz () Ox;

The companion RANS model equation would be

DE 0 [k Ok
-t _p_ i
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De P € 0 (k= Oe
O — — (X 4
Dt CEI € 062 ]{Z * Ce@xj ( € 01’]) (3 )

where k and e are full statistical quantities. The production term appearing in equation (31) is then

I 0 (u;) ous
POy = (20N — [ LA e &
< > <Tl_7 31’] <TZ] > ax] Tz] 837]

ous
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t J J J 8l‘j

8u <8u s ous >8u
(s) (s) ()77 N o (s)
(95 ) = )+ (5 g = () 30

because as recalled above, the double correlation between quantities pertaining to disjoint spectral zones

developed as follows

with

vanishes when using a spectral cutoff filter [22]. Secondly, combining Eq. (27) with Eq. (31) leads to

D) — (poy - g >+cka,(<k8)> W%) gy (17 o

Dt (eG))  Ox;

The diffusion process by the large scale fluctuating velocity uj< can be readily approximated from the

usual gradient hypothesis (see Appendix D)

<J]£r) (k,(s))> _ (<u<k s))> o2 8x <<<lz(;))>> 85{9};;») (38)
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so that last term appearing in (37) can be computed as

O T puern ] w0 ()0 ()
a—%[@j )|~ —ci e, ( ECI— ) (39)

where k(") denote the resolved turbulence kinetic energy defined as k™ = (u;u; — (u;) {u;))/2 as defined

in Ref. [22]. As a result of modeling considering also that (¢()) ~ ¢, the total statistical diffusion term

k&N 0 (k) o) o k20 (k¥
Ck@x] <<< (8)>) <8x] >> a Oz, [<k(8)uj<>] ~ Ckaxj [? <8xj >] (40)

where it is recalled that k™) = k() + k() and k = (k¢ = (k) 4 (k")) (see Appendix A) leading

to the resulting equation

appears

()
D <Dk:t > _ <P(s)> _ <€(s)> i <Jlis+r) (k(s))> (41)

where we have denoted

(T () ) = (I (k) ) + (0 (1)) (42)

2 (s)

€ al‘j

giving

Considering now the instantaneous unsteady dissipation-rate equation that is solved in the PITM frame-

work, the same reasoning as previously can be made

Dels) Ps)(s) £(5)?
—_ () _ ) (5) ((s)
o7 =C¢ e ce e, + J& () (44)
where
0 (k)7 9el®)
JE) () = ¢, g 45
‘ (6 ) Ox; ) 0z; (45)

and C’E(f) and C’e(j) are given by Eqs.(6) and (5), respectively. Like in equation (29), we now operate
statistical averaging on the numerical simulation results in order to get the mean value. This mean
value satisfies also the mean equation developed below in which some terms are obtained from averaging
of resolved quantities and not modeled. Thus, the averaging of Eq. (44) using some very acceptable
approximations leads to

<DL(S)>_ - <P(S><5(S>_ 8)< >+<Js)((s)> (46)

Dt (k)
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where

0 [ k®? e ONETES
(I (7)) = € <83: <k;:(3 0:cj>> o "0z, <<(e(s)>> <@:L’] >> (47)

Applying (152) with ¢ = £(*), one can obtain

D<E(S)> DE(S) 8 <_(s)
Dt _<Dt>_8—azj<ujg ) )

so that
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The total diffusion is involving all the length scales, as explained in section 1. This fact was earlier
recognized by Schiestel [38] (see section §19.14.3). To move forward in the reasoning, we need an
approximation of the total diffusion. Using for instance a diffusivity hypothesis like in usual statistical

closures, one can suppose realistically (see Appendix D)

kDY 9 (e
(JO (e9)) = ~5p (4 ) ~ 8@' <<<5(3)>> éf‘fﬂ >> (50)

Of course, this approximation is not intended to be used in numerical PITM simulation, but only to

get a useful estimate in the present purpose. Finally, one can infer approximately

g [ (K9) (e 0 o (k0¥
C. (K9)" 9(0) - <u~<5(8)> ~ C. — () (51)
&xj <€(S)> &xj al‘j J &xj g &xj
just confirming that all the scales contribute to the turbulent diffusion of the mean value, including

both the modeled small scales and the resolved scales. Combining Eq. (49) with Eq. (51) yields the

transport equation for <5(8)> as

D (e¥) €®) P 5 5

where we have denoted
(JED () = (I (€)) + (I (e¥)) (53)
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giving

<J€(s+7") (6(8))> ~ Cgi (k?_26<€(3)>> (54)

Or; \ € Oz,

Thus, the usual equation of the statistical model in inhomogeneous flows is entirely recovered

D P(s) 2 2
e _ oo >E—Q§5 +@£LC?&) (55)

Dt (k) (k) dz; \ € Oz;
with as usual
(k)
and
c =c, (57)

It is of interest to note that the diffusion term appearing in Eq. (55) is in fact, and in spite of
appearances, no longer dependent on the cutoff wave number k.. Incidentally, one can remark that in
statistical multiple scales models the transport equations of partial energies do make use of the total
turbulent diffusivity as evidenced here in Eq. (55). Practical formulations of the statistical multiple

scale models also keep this feature [38] or partial Reynolds stress models giving the diffusivity

kR
(m) _ (m) 7Y
o™ =" e (58)
in the partial (m) zone and for partial kinetic energy models giving the diffusivity
kQ
(m) _ o(m)
o " T (59)

in the partial (m) zone. In these formulas k stands for the total statistical kinetic energy of turbulence.

3.2  The equilibrium logarithmic layer

For a clear physical appraisal we consider particularizing the previous equations to the equilibrium
logarithmic layer. As pointed out by Hamba [39], hybrid RANS/LES models often mismatch the
logaritmic layer that is nevertheless crucial to reproduce accurately for internal flows. The particular
case of the logarithmic turbulent boundary layer is easy to handle analytically and is then suitable to

show the expected behavior of a typical non-homogeneous flow with direct physical interpretation. We
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shall extend the reasoning to general inhomogeneous flow afterwards. We consider here steady flows in
the boundary layer close to equilibrium state verifying <P(s)> ~ P as well as <5(3) ~ € as explained in

Appendix C. The mean velocity profile is given by the logarithmic law of the wall as
(uy) = %Ln(Ewn) (60)

where x,, denotes the normal coordinate to the wall, u, is the friction velocity, K the Karmén constant.

The derivative of Eq. (60) is then

0 (uq) Uy

= 61

or,, Kz, (61)

The turbulence field is in energetic equilibrium, as a consequence of the mean kinetic energy equation,
so that ,
0 (uy) u

e=P =1’ =—= 62

T Oz, Kz, (62)

The kinetic energy k in a logarithmic layer is not dependent upon z, and more precisely its value can

be classically related to the friction velocity by the relation

P (63)

In RANS modeling, Eq. (33) and (34) lead to the resulting equation

€ 9 (k* Oe
(C., — C. )E + Cea—xn (? axn) = 0. (64)
On the other hand, Eq. (55) yields
2 2
() _ ooy _€ O (K 0e _
(061 062 )<k’(8)> + Ce@xn < € al‘n 0. (65)

Comparing Eq. (64) with Eq. (65) allows to recover equation (56) showing that the control function
R introduced in the more general case in Eq. (1) verifies R = r. So, this solution associated with the
PITM method is still valid in the logarithmic layer for the PITM method.

We now consider the system of equations (29) and (44) describing the evolution of the unsteady quan-
tities for the PITM model k) and €® in the turbulent flow. In this case, neglecting the fluctuations
around the mean values, and assuming (erroneously) local equilibrium along streamlines of the filtered
field would falsely lead to the resulting equation

2 21.2
(5) _ (o) E 0 [r°k® Oe _
(061 062 )/{Z(S) + Cﬁaxn ( € axn 0. (66)
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Considering that r is constant in the logarithmic zone, Eq. (66) associated with Eqgs. (1) and (64) would
yield the result R = r3 found by Heinz et al. [31, 32]. But this argument is not relevant in the case
of the PITM method because the instantaneous flow is unsteady and local equilibrium is acceptable
only in the statistical sense. In this case, Eq. (66) in the mean value would not be consistent with the

corresponding statistical equation. This is explained further in the next section.

3.3 Physical interpretation

This result concerning the different values for R can be interpreted from a physical point of view.
The equations solved in a practical PITM numerical simulation are indeed equations (29) and (44)
which give instantaneous fluctuating quantities including large scale fluctuations. As explained in the
previous sections, one is free to make statistical averaging of the solution obtained from the simulation.
These mean values mathematically satisfy the mean equations (31) and (46). So, one can say that
both equations (unaveraged ones and averaged ones) are satisfied. The unaveraged equations (29) and
(44) can be understood as composed of the averaged equations (31) and (46) plus their fluctuating
counterpart. From Eq. (172) of Appendix D, this reads

2
_i <<y — /7™ < o~ 0 <k(r)> 9 (¢) (r) <
o, (507 = (I + 00"~y 5o | e | (67)

This term cannot be zero, even in steady flows. We have thus shown that equations (29) and (44)
both include a resolved diffusion term coming from the advection term in the instantaneous field but
corresponding to the diffusion by large eddies in the averaged field. As also indicated in Appendix D,
this term can be estimated so that the apparent diffusion coefficient is no longer k()2 /e, like one can
suppose erroneously from Eq. (44) but indeed k?/e from a physical standpoint. This is because the
inertial terms in the instantaneous unsteady equations have a non zero mean value corresponding to
an additional term in the diffusion process which is present both in the unsteady and mean equations.
This is the key of the demonstration that yields R(r) = r in all cases. It is a physical property of
the turbulent solution that cannot be discarded. The application to the equilibrium logarithmic layer

simply emphasizes the importance of these terms.

18



4  Variational analysis

4.1 General derivation

The objective of this section is to provide more general elements of proof leading to R(r) = r as already
obtained in the preceding section. For that purpose, we conduct at variational analysis of the turbulence
equations. This approach was used previously by Heinz et al. [31, 32, 33] in their developments giving
rise to the result R(r) = r® which is in contradiction with the present result R(r) = r. The main reason
arises from the model equations and the unsteady behavior of their solutions. Heinz et al. [31, 32, 33]
have considered the instantaneous equations (29) and (44) describing the evolution of the unsteady
quantities in the PITM model k) and €® in the flow with a statistical interpretation that would be
valid only for the mean equations (41) and (52). The idea behind the reasoning in the use of variational
calculus is to find an analytical link between a small variation in the model coefficient Cg(j ) (the method
could be conceived to apply to other coefficients as well) and the correlative changes induced in the
solution. Introducing a small numerical variation 506(5 ) on the C’e(j ) coefficient, the simulation results will
change accordingly. The changes in the solution occur in a functional space and thus are represented as
functional variations in the turbulent field. So, we define the corresponding virtual functional variations
as 0k = ((xs,t)0a and §¢® = (.(z;,t)0b for energy and dissipation, where (j(z;,t) and (. (;,t) are
arbitrary functions in space and time (with appropriate boundary conditions) and da, 6b, small scalar
increments, the resulting link between these variations is obtained from functional differentiation of the
corresponding transport equations. The reasoning has to be conducted primarily on the instantaneous
equations which are effectively solved in the simulation. But, one has to account for the statistical
properties of the solution which are also compatible with the statistical equations (which are not solved
directly but have to be verified has a consequence). So, in the energy equation (29) equilibrium is
assumed along mean streamlines (and not along instantaneous streamlines). So, this hypothesis implies
that the turbulent field is near equilibrium in a statistical sense. In the following, like in Heinz [32],
we shall work on the instantaneous equations describing the large scale fluctuating turbulent resolved
simulation but with the constant concern that these equations have to be consistent with their averaged
counterpart. We emphasize again that we have not to choose between the two types of equations

(instantaneous or averaged) because they have to produce consistent results. Using the formal operator
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defined in Eq. (148), Eq. (29) can be rewritten as

Dk(S) s s (s) s S
T =P — 4 7 (k) - 8x]( us k) (68)
where as given by Eq. (145),
DEB) k) k()
v A 6
Dt o\ g, (69)

is the derivative along mean streamlines. Remark that ufk(s) could be written also m only in the
special case of a top hat filter in physical space. The last term of the RHS in the latter Eq. (68) will be
simulated from the resolved scales calculation but it is possible to get a straightforward approximation
of its magnitude by using the gradient diffusion hypothesis introduced in Eq. (38). Then, this equation

in the mean reads in a more compact form as

D <k(8)> s s (s+r) s

= (PO = () + (I (k) ) (70)
where according to Eq. (42), <J (s7) (k:(s )> = (<JI£S)> + <J,gr)>> (k*)). The mean value of the LHS of
Eq. (29) is not zero, because the advection term once averaged gives a part of the diffusion as detailed
in appendix D. If the LHS of Eq. (29) was taken equal to zero, the averaging of equation (68) or (70)
would not be exact and consistent with the well known physical phenomenology of fluid turbulence. It
would be nonphysical to discard this term. Similarly, using again the formal operator defined in Eq.

(148) introducing the derivative along mean streamlines, Eq. (44) can be rewritten as

Del®) Pe)els) ()2 )
— S0 ) () — 9 (1<
Di Cey L6) Ce, L6) G oz, (u5e™) (71)

Like previously, the LHS of equation (44) has a non zero mean value, it gives rise to a non zero diffusion

term. Using also the gradient diffusion approximation introduced in Eq. (50), Eq. (71) then reads in a

compact form as

D (e PO (o) -
E) _ PN o & oy )

where according to Eq. (53), <JE(S+T) (e(s))> = (<J€(S)> + <J€(r)>> (e)). At this step, it is useful to
recall the general expression of the diffusion term given by Eq. (177) as

<J$+r)(¢)> ~ C¢% |:< (k(s) :(_S)k(r))2> ia(;i)] ~ Cwaij [<</€<(:;;;>)2 %;/;)] (73)
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where 1) denotes either k) or €®). Considering that the turbulent field remains near equilibrium along

mean streamlines, D <k:(3)> /Dt = D <e > /Dt = 0 leads to the two balance equations

(PO) = () = (I (1)) (74)

and

0 (P - € (¢0) = -3 gewn () )

Remark that the hypothesis of near equilibrium along mean streamhnes would not be physically correct
if applied to instantaneous values. Indeed, for instance in the equilibrium turbulent logarithmic layer
derivatives of turbulent quantities along mean stream lines vanish while it is not true at all for filtered
quantities which always fluctuate. Combining Eq. (74) with Eq. (75) by eliminating <P(S)> yields the

resulting equation

(s) _ (s <k(s> (s+7) (((5) B (s <€(S>< ) (k(s)>
cy) — ! S (JEF (€)1 = C <k(s>< Fe=y S)> (76)

Now, taking the functional variation gives

s 5) i) () g -
e — o (k) (el)) <J€(3+7’) (6(3))> E

where the function E is given by

co (e (7 ()

EF=1- @ (k) <J s41) (6(8))>

(78)

At this stage, it is necessary to calculate the variation of the diffusion terms 0.J, (s) (k ) and 581 ( s))

as well as dF. From Eq. (73), one can obtain in a first order approximation (see appendix E) the result

) <J1(p3+r)<w>> ~ 2(5 <k(s+r)> B 5 <6(5)> N 5 () _5 <€(s)> .
) R G I VR R T

because o <k(s”)> =0 <k(s)> +9 </<;(T) ~ 0 as the averaged total turbulence energy k = <k(3+”)> remains

(79)

almost constant and independent of the grid, characterized in the spectral space by the spectral cutoff
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location k.. Indeed, in the case where the grid step size increases, then a part of the energy contained
into the resolved scales is removed and fed into the modeled spectral zone, whereas on the contrary,
when the grid step size decreases, a part of energy coming from the modeled zone is injected into the
resolved scales [35, 36]. This is the hypothesis of self-consistency of the model which has been verified
in practical simulations, this hypothesis is also currently made by other authors [31, 32, 33]. Thus,
the diffusion coefficient acting in these equations involves the total kinetic energy and not the partial

energy. For ¢ = k() and ¢ = ¢ respectively, Eq. (79) implies

0 <Jzﬁs+’") (k(s))> CO(k®Y §(e) 5<J£S”) (6(5))>
<Jl§s+7’) (k:(8>)> TOEE) T (€9) and <JE(S+T) (E(s))>

The variation of the function F reads
SE G (s) 5 (et (k) §{ gt (e)
() sy (L (s
E —_ ]_ <€(S)> <k‘(s)> <J]§S+T’) (k(s))> <J€(S+T’) (E(S))>

By substituting the expressions of § <J,§S+T> (k:(s))> and <JE(S+T) (6(8))> given by Eq. (80) into Eq.(81),
it is found that

~0 (80)

0E ~0 (82)

As a main result, Eq. (77) reduces finally to the simple expression
0Cy _O(KY) ()
C(;) _ Cg(f) (k) ()

€

(83)

This result is physically meaningful and was expected. Moreover, it can be verified from numerical
simulations that varying C’e(;) modifies the subfilter turbulent energy level without modifying noticeably
the total mean energy. As already mentioned, the increase (resp. decrease) of subfilter energy induces a
decrease (resp. increase) of resolved energy such that the total amount remains unchanged. Considering
that <e(5)> remains not affected by the cutoff wave number , one obtains d¢ = 0 . This sound practice
has been made for instance in [40] and reflects the fact that the model is self-consistent that is to say
that € and k are not appreciably influenced by the cutoff location, a fact that is verified in practical
simulations. So that Eq. (83) leads to
530S (kW)
CS) _ C(f) (k)

€

(84)
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which integrates as

Cey k ) k(s)
/ _ﬁg_:/ (k) (85)
) C— Ce(f) (k) (k)

L(s)
ot —ctp - ! 3 L (C.-c) (86)

that allows to recover Eq. (56) if cl = C,. This variational study has shown that the CY coefficient in

or as previously

the dissipation-rate equation is a tweaking parameter that allows to control the <k(5)> /k ratio. Moreover
this action is linear in the mathematical sense. It is important to note also that this result supposes
that the subfilter model is consistent, that is to say that changing C’e(f ) will indeed change the <k(s)> /k
ratio but the total mean turbulence energy (resolved 4+ modeled) remains constant, this requirement
is also assumed in other papers like in Refs. [31, 32, 33]. At this step, it is thus remarkable that the
variational study, allows to recover the correct dependence of the € equation coefficients in relation with
the k®)/k ratio as already obtained in the original PITM method in all cases, both homogeneous and
non-homogeneous turbulence. Mathematically, this outcome put in light some functional aspects of
the method in perfect agreement with the PITM derivation. It is worth noticing that the variational
analysis reveals the intrinsic properties of the partial differential equations of the turbulence model and

don’t make any use of Eq. (8). The result given by Eq. (86) is thus totally independent of Eq. (8).

4.2 What about the instantaneous quantities 7

The instantaneous equations (68) and (71) accounting for the filtered variables can be rewritten as

0

D <k(s)> DE®)<
— ps) _ (s () (L)Y — 2 (<1
o T =P e+ (k) o, (us k™) (87)
wnd <()> (s) (s)¢(s) (s)2
DES D€S< SPSES 368 . i 8 .
Dt " Di :gﬁk@"é%@+ﬁ)wn—@ﬂ@5» (88)

Considering that the turbulent field remains near equilibrium along mean streamlines, D <k(5)> /Dt =

D <e(s)> /Dt = 0 leads to the two balance equations

DE®)<
Dt

P(s) _ 6(s) o J]gs-H’) (k,(s)) + (89)
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and
Del)<

Dt
still with the constraint <Dk:(3)</Dt> = <De(s)</Dt> = 0. It is again important to emphasize that the

S S S S k(S) ST S
CO PO — o)) = -5 JEH) () -

(90)

diffusion terms J,gr) and J!" (see appendix D)

r s 0 s " s 0 °
K (R) = =5 (k) and S0 () = — o (u5e) S

are non zero and have also non zero mean values. Consequently, these terms cannot be neglected from
a physical point of view. The analysis can be pursued. Now, eliminating P®) between these two latter

equations yields

E(s) Del)< o) DE®)<
(s) _ (x(s) — (s4r) (L)) _ (22 )| - =24 (s+7) (1.(s)) _
CEQ Cﬁl - 6(5)2 |:J€ (6 ) ( Dt ):| 6(s) |:Jk (k ) ( Dt ):| (92>

The functional variation can be written formally in a compact form as

D)< Del)<
50&(28) _ alék(s) n a25€(s) i agéjlgs—i—r) + a45J€(s+r) + a55 ( Dt ) -+ a65 ( EDt ) (93)

where a; = a; (k:(s), e(s)) are some functions of £ and €®) that are not detailed for sake of discussion.

Each variation of the filtered variable denoted §(¢)) appearing in the RHS of Eq. (93) can be developed

as 0(¢) = d((¢)) + 0(¥<) composed as a statistical mean part variation 6({¢))) and a large fluctuating
part variation 6(¢<). Taking the statistical mean of Eq. (93) gives

(5CL) = a1 (k) + a6 () + ayd (S ) + s (JEH) (94)

At this step, it can be pointed out that 506(;9) cannot be considered as fluctuating because it is a
numerical parameter of the model so that <5CE(28 )> = 505(28 ). In this condition, Eq. (94) allows to recover
the main results obtained in the preceding section 4.1 and especially Eq. (86). Subtracting Eq. (94)
from Eq. (93) yields the resulting equation

D)< De(s)<
0 = a0k + ap0e®)< + a35J,§8+”< + a45J€(s+r)< + a50 ( D1 ) + agd ( i)t ) (95)

that governs the large scale fluctuations k)< and <. This outcome clearly demonstrates that the
variations of 0 (k*)) and & (€*)) possibly differ from & ((k*)) and & ((¢/*))) while Eq. (86) is still

verified.
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5 Physical underlying mechanisms

The basic reason why we get a linear response to the variation of Cg(j ) is the account of the additional
diffusion contribution coming from the convective terms in the large scale instantaneous equations.
This term must be non zero if we require consistency with the averaged equations, which is physically
necessary. The instantaneous equations (29) and (44) respectively for the subfilter energy and for the
dissipation rate, are resolved numerically and in particular their LHS corresponding to Dk®) /Dt and
De®) /Dt are resolved numerically. But we know physically that these terms have non zero mean value.
For the purpose of the variational study, an analytical approximation is derived in appendix D which
are indeed crude but have the merit to give the correct mean value which is in fact the diffusion by large
scale motion as indicated by Eq. (170). Again, we insist on the fact that this term comes in addition
to the small scales diffusion to sum up as a total diffusion involving the total eddy viscosity appearing
in the key diffusion equation (73) rather than the subgrid eddy viscosity. As a result, Eq. (80) follows

and explains this outcome.

6 Cutoff with anisotropic filters

For practical engineering flows in complex geometries with rigid walls and for geophysical flows encoun-
tered in nature, the grid resolution can be deformed with a high degree of anisotropy in the streamwise,
spanwise and normal directions to the wall. In this situation, it is necessary to correctly estimate the
function r(k.) used in the coefficient cl [r(ke)] for performing numerical simulations. To do that, one
has to determine fairly well the equivalent cutoff value that accounts for the anisotropy of the filter.
This issue is of utmost importance because it will directly influence the value of the coefficient C’E(QS).
The filter is supposed to be determined by the three spatial dimensions A;, As, Az in the streamwise,
spanwise and normal directions of the flows 1, 9, x5 in physical space or k., , Kc,, ke, in spectral space.
The formulae proposed by Deardorff [41] is often used in practice by many authors. This hypothesis
express in fact the conservation of the integration elementary volume (in physical space or in spectral
space as well). It is really valid only if the anisotropy is weak. Another formulae comes from the work
of Bardina et al. [42] inspired from inertia moments. Let us recall these formulae. The hypothesis of

Deardorff [41] is well suited for weakly anisotropic grids by considering an equivalent length-scale as
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Apy = (A1 A2A3)Y? while the hypothesis of Bardina et al. [42] build for anisotropic grids is given by a
quadratic approximation Apg, = [(A1? + Ay? + A3?)/3]'/? and gives preeminence to the largest compo-
nents. In the case of high filter anisotropy, the Bardina et al. hypothesis roughly gives the maximum
of Ay, Ay, Ag which is very different from the Deardorff hypothesis and can be physically plausible if
one considers that turbulence energy is mainly concentrated in larger eddies. Recognizing this fact, the

present authors Chaouat and Schiestel [36, 43] have used a combination of both hypotheses such as
A=CApr+(1=¢)Ap (96)

where ( is an adjustable numerical parameter depending on the grid refinement used to tackle engineer-
ing flows in complex geometries. A new contribution was done by Scotti and Meneveau [44], as well
as Scotti et al. [45] based on integration of spectral fluxes for use in the Smagorinsky model. On this
purpose, one has to note that the adequate formulae depends not only of the geometrical properties of
the filter but also of the type of function to be considered. The Deardorff hypothesis is better suited for
almost constant functions while Bardina’s is rather recommended for fast decaying spectra. To improve
the previous formulation (96) used in the PITM model, the basic idea is to integrate the energy spec-
trum which is rapidly decaying if one refers to the Kolmogorov law. We chose here to adapt the Scotti
and Meneveau [44] type of approach to the case of the energy spectrum rather than the Smagorinsky
model noticing that the spectral decay laws for turbulence energy and for cascade transfer are very
different. To do this, let us suppose k. > k., > K¢, correspondingly in spectral space. Considering
that only approximate relations are required, we shall not consider the precise mathematical form of
the filter function but only the characteristic lengths in the three dimensions. In spectral space, the

one-dimensional Kolmogorov spectrum reads
E(k) = Cue?Pr5/3 (97)
while the corresponding three-dimensional spectrum is

Cyx o _ C
A _ K 2/3 11/3 _ Yk 2/3,-5/3
E. (k)= e |K| = o2t B (98)

At this step, we require that the integral under the anisotropic filter function be equal to the integral

under a fictitious isotropic filter that defines the “equivalent ”cutoff denoted k.. The spectral domain
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of integration for the wave vector k, associated to A;AsAs3 in the physical space, can be decomposed,
in a first approximation, into three separate domains such as for k € [k, k1], dV(k) = 47K*dk; for k €
(K1, ko], AV(K) = dmkkdk; and for K € [Ko, k3], dV(K) = 4k kadk where kg stands for the arbitrary wave
number at the beginning of the Kolmogorov energy spectrum. As we will see, this choice has however

no effect on the final result. So, one can write with a good approximation

Ke K1 K2 K3
/E(/ﬁ)d/@ %/Eiso<li)47rli2d/i—|—/E¢SO<H)47T/£1/<Ld/i—|—/E¢SO<H)4/€1/€2d/€ (99)
KO KQ K1 K2
Then,
Ke K1 K2 K3
/FL5/3d/€%//€5/3d/€+/€1//€8/3d/€+@//€11/3d/€ (100)
T
KO KO K1 K2

after straightforward calculation is leading to

3 o (2 1\ s 1 ]
Ke R [glﬁl Py <5 - 8_7T) K1Kq / +E:‘€1/‘€2/‘€3 / (101)

It is possible to express this result under an equivalent formulae by introducing the ratios 1oy = Kao/k;

and r3 = K3/k1, each greater than unity

e 3 2 1Y\ 53 1 g3 e
Fen|24(2- = — 102
K1 {5 * <5 87T) o 4r 2 (102)
. Re 3 29 2/9 2 1\ 39 29 1 1179 —29/9 2
o= B (B g ) e b e

where kps = (k1kok3)/? is the wave number associated with the formulation of Deardorff [41]. In the
particular case of the plane channel flow with 79 = ky/k; near unity and r3 = k3/k; large because
of the grid refinement in the normal direction to the wall x3, we get a much simpler formulae. This

correspond to the case of “pancake ”, filters in physical space (i.e. pencil-like in spectral space)

/3
(K3ks)" Ky
Re = ﬁ ~ 1061—/3 (104)
(1-35) E

The same relations obviously hold for n. = Lk. = wL/A. Thus only the smallest wavelength acts

significantly while the largest wavelength has no influence. This is due to the fact that the area of the
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Kel < Keg < Reg ellipsoid far from the origin is narrow and the energy spectrum in these areas is small.
Besides, it is also interesting to examine the spectral counterpart of the Bardina formulae. From the

definition of Apg, one may infer
3
b = V3 (105)

1 1 1 \V2
<—2+—2+—2>

K1 ) K3

Simple algebra shows that equivalently

e — V3 tiny (106)

- _ 1/2
(@/3@/3 Yy 4/3r§/3 n r§/3r3 4/3)

For the plane channel with 79 = ko/k1 &= 1 and r3 = k3/k; large, we get

3 K
KBg = 5(:‘{1252)1/3 =~ 122% (107)
T3

Comparing Eq. (107) with Eq. (104) leads to very similar results kg, ~ 1.15xk, This outcome brings
support for the approximations used by Chaouat [30], Chaouat and Schiestel [23] when they performed
the turbulent channel flow over periodic hills. In the very general case in which the Kolmogorov power
law is not verified, such as in the production region of the energy spectrum, the resulting relation could

be cast under the following form
Re

~ f(ra,m3,71) (108)
Rpf

where r;, = k5/k; introducing the characteristic length scale of the flow § with k5 = 7/J. The parameter
rr, = A1/§ corresponds to the local mesh coarseness or refinement. This is suggesting empirical laws

like in Eq. (96) with

(109)

where A; is the maximum step size of the grid and ¢ the half-distance between parallel planes or any

characteristic length in more general wall flows. In this way, the Bardina formulae is approached for small

JAN| (%in% A(¢) = Ap,) (i-e. large integration domain of the filter in spectral space) and the Deardorff
ﬁ

one is recovered for large A4 (énri A(C) = Apy) (i.e. small integration domain of the filter in spectral
—

space). Let us consider now, the characteristic length scales for the subfilter zone L(®) = <k;(3)>3/ ? /e
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and for the full turbulence field L = k%2 /e, their ratio will be denoted L+® = (<k(s)> / k:)B/ ?. Trom
equation (7), we get
7+ 1 A CTtA*

B (14 )" B (A3 + B(xL)3)"? T (14 (CTAT)3)I (110)

where AT = A/L and C* = 713 /1 = (3C,./2)*? /7. We consider Eq. (96) with (109) to the case of
the plane channel flow in which the grid is refined near the walls and thus ps = Ay/A; is near unity
while p3 = Ag/A; is very small. This implies Apy = Arpy/® and Ap, = Aj[(2 + p2)/3]V2. From Egs.
(96) and (109), it is a simple matter to obtain

Al 1/3 5 <2+p§)1/2

A =A
(p3) 1 5+A1p3 + 5+A1 3

(111)

Two cases are now studied. In the case of isotropic grids, ps ~ 1 so that A &~ A, and the length-scale

given by Eq. (110) is then given by

CTAT
lim LY (pg) = ! 112
pglgl <p3> (1 + (C+AT>3)1/3 ( )
where A = A;/L. In the case of anisotropic grids, ps &~ 0 so that A goes to
2?5
lim A == A 11
ooy (p3) <3) 1A (113)
and the length-scale is then given by
Ot _A*t
lim LT (ps) = R - (114)
p3—
[1 +(CH st AT
For the limiting value when A; < 1, the function given by Eq. (112) goes to
lim LY [A* (p3)] = CTAT + O(A})? (115)
pP3—>
and the other one given by Eq. (114) goes to
SCHAT
lim Lt [A*(ps)] = L+ O(AH)? 116
ti A" ()] = 52 +0(a) (116)

Obviously, both functions go to unity when A} goes to infinity. Figure 3 shows the evolution of these

functions given by Eqs. (112) and (114), respectively versus the ratio A = A;/L. Relatively to
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the case of an isotropic filter, it can be seen that the curve associated with the case of an anisotropic
filter is shifted to the right. These evolutions (see Fig. 1 in Ref. [32] for the purposes of comparison)
show the difference between L2/3 and L*? distributions as a function of normalized filter width. It

appears that the present L™ variation looks very similar but for a different reason. The present analysis
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Figure 3: Variation of LT given by Eqs. (112) and (114), respectively, versus the grid step Af = A;/L

for isotropic and anisotropic filters as functions of p3

also shows that the sole use of Deardorff approximation of anisotropic meshes for the calculation of
partial energies is therefore inadequate. The effective grid size is hugely underestimated, that is to say
that the equivalent cutoff wavenumber is greatly overestimated and consequently, the partial subfilter
energy would be also underestimated. In practice, the use of combined forms of Deardorff and Bardina
hypotheses proved to be satisfactory and entirely supported by the integral analysis that has been
conducted in this section. We had shown in the previous section that theoretical result R = r remains
valid in non-homogeneous flows. However, accounting of the anisotropy of the filter function influences
appreciably the calculation results because the analytical relation of R versus the grid step is modified.
An incorrect account of filter anisotropy may corrupt the numerical results. For instance using the pure

formulae proposed by Deardorff [41] in the PITM simulation for wall flows as it was done by Heinz et

30



al. [33] may be questionable.

7 Grid density considerations

7.1 Isotropic grids

It can be of interest to get an estimate of the number of grid points N first assuming locally a constant
grid size A for PITM simulations. Depending of the cutoff wave number x. = 7/A, N o V/A? where
V is the computational domain volume. This expression can be rewritten as N = Vn?/(rL)?. The

Kolmogorov law implies (k) /k = (305/2)7);2/3- Using the definition of the length-scale L = k%2 /e,

it is found that -
1 /3C,\2 1 c+\?
(%) | @ () o

Equation (117) indicates that the mesh density varies according to the law (L(“”))f3 and not as (L(“”))f9

N
V

at it was erroneously asserted by Heinz [32]. Obviously, the number of grid points N increases when
the subfilter energy decreases because more large scales must be explicitly calculated by the numerical
scheme. Conversely, when the subgrid energy increases, N decreases because less large scales are
computed since more subgrid scales are modeled, N is then going to its RANS value. The relation (117)
is in fact similar to the classical result obtained in usual LES calculations with a cutoff in the inertial

zone.

7.2  Anisotropic grids

The case of anisotropic filters is now illustrated in the case of the turbulent flow between two parallel
plates. The number of grid points can be estimated from N oc V/(A;A;A3) that is to say N oc V/A},
regardless of the effective characteristic filter width chosen in the calculation. This latter will be

something like equation (111) rewritten as

(118)
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and taking into account the previous results,

1/2
A 2+ pj
A =¢t(1-=0) (119)
Apf 305"
The final result being

N ct\’ 2+ p3 ik
== 1-¢) | =52 12
7= (gw) |cra-0 o (120)

The estimates given by equations (117) and (120) are based upon physical quantities like L), and
consequently they effectively correspond to the mesh size necessary for a meaningful simulation without

being neither oversized nor undersized.

8 DNS and PITM simulations

8.1 Illustration for a basic non-homogeneous flow, the plane channel

In order to confirm the law R(r) = r in the PITM model, we consider an application to the turbulent
plane channel for differing values of the filter width. The balance of the terms involved in the mean
epsilon equation is also illustrated. Indeed, the turbulent channel flow is a typical non-homogeneous flow
confined between rigid walls in which like in the theoretical logarithmic layer, the turbulent diffusion
terms are of primary importance in the epsilon equation balance. PITM numerical simulations are
performed for the Reynolds number R, = u,0/v = 395 where u, denotes the friction velocity and § is

the half channel width. The present results are then compared with reference DNS [46].

8.2 Numerical PITM procedure

The dimension of the channel in the streamwise, spanwise and normal directions along the axes z1, xo,
x3 are Ly = 6.49, Ly = 3.20 and L3 = 20. For the Reynolds number studied here, the coarse and medium
grids resolution are 84 x 42 x 84 and 84 x 42 x 128 in the (21, xa, x3) directions. The mesh is uniform in
the streamwise and spanwise directions (71, z2) and the grid spacings in wall unit are A7 = AJ = 30,

respectively. In the normal direction to the wall z3, the grid points are distributed in different spacings
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with a refinement near the wall to compute accurately the velocity boundary layer according to the
transformation z3; = tanh [§; F(;) atanha]/2 where §; = =1 +2(j —1)/(N3 — 1) (j = 1,2,--- N3),
F(&) = 1/(14&3)/2, the parameter a is a coefficient set to 0.990 for N3 = 84 and 0.9875 for the N3 =
128 leading to AJ = 0.2. For both cases, it is found that the larger grid spacing in the normal direction
is then smaller than 15 in wall unit A < 15. The simulations are performed using the numerical code
developed by Chaouat [47] which is based on the finite volume technique and optimized with message
passing interface (MPI). The equations are integrated in time by means of an implicit Runge-Kutta
scheme of fourth-order accuracy in time. The Navier-Stokes equations are solved in space by a centered
scheme of fourth-order accuracy in space whereas the transport equations of turbulence are solved by
an upwind scheme of second-order accuracy in space. The PITM model used to perform the simulation
is based in the present case on a second moment-closure (SMC) that allows a refined description of the
flow anisotropy thanks to the pressure-strain correlation term that redistributes the turbulence energy
among the stress componants. Its formulation is described in detail in several references [11, 23, 35].
Moreover, a relaxation mechanism based on a return to equilibrium is superimposed to the coefficient
Ce(j ) during the computations. In practice it brings the model to relax more rapidly towards the target
equilibrium energy ratio r = <k:(s)> /k. This term is has a clear physical meaning and has been used in
spectral models by Yassour and Wolfshtein [48]. The coefficient C’e(j) is then dynamically modified as

Ce(j ) 4 ACS ) by means of the parameter r» computed in the simulation itself in time and space with

act) =xe (1- ) (121)

Teq
The target value r, is given by Eq. (7) and x is a constant parameter empirically estimated by x >~ 0.2.

The mechanisms of this process are fully described by Chaouat and Schiestel [49]. Considering that we
have to deal with statistical values, the energy ratio r appearing in Eq. (121) is averaged in time but also
in space in the homogeneous directions of the flow as far as possible. Space averaging can easily been
made at each time step but time averaging on short periods is made on the basis of a simple recursive
procedure as indicated by Chaouat [47]. The turbulence length-scale L = k%2 /e used for computing
the parameter 7. = k.L is also averaged in time using the same procedure. On the numerical point of
view, this procedure is particularly useful for stabilizing the calculation when the large scale motions
of the flow vary rapidly both in time and space. It is also justified not only from a numerical point

of view but also from a physical point of view, because as stated before, these relations are supposed
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to be statistical relations and thus need averaging to be meaningful. As it could be mentioned, the
simulation performed using the PITM method requires this specific procedure because of the coupling
arising from the coefficient C’E(QS) and the energy ratio r, contrarily to the PANS method that considers
a constant ratio. The authors would like to state that this is the key concept to get a dynamic model
that is able to see the grid step of the mesh like in large eddy simulations. In the application to the
turbulent plane channel flow, a constant pressure gradient term is included in the momentum equation
to balance the viscous effects at the walls aiming to get a periodic condition between the inlet and
outlet plane sections of the channel. The boundary conditions imposed at the lower and upper walls

located at x3 = 0 and 2§ of the channel are no slip velocity conditions u; = 0.

8.3 Numerical DNS procedure

The DNS simulation performed by Chaouat and Peyret [46] on a very refined mesh for the same
Reynolds number R, = 395 is considered in the following for computing the ratio rpyg = <k(s)> /k. The
dimension of the channel is identical as the one chosen for the PITM simulation, L; = 6.49, Ly = 3.20
and L3 = 20 and the equations were integrated in time using an explicit Runge-Kutta scheme of fourth
order accuracy in time and solved in space by means of a centered scheme of fourth order accuracy in
space. The DNS grid resolution in the (xy, x5, x3) directions is 1024 x 512 x 512 and the spacings in
wall unit are very small A7 = AJ ~ 2.5 with A < 2. The filtered variable ¢ on the coarse grid is
in principle determined by a filtering operation as the convolution with a filter G in space ¢ = G * ¢

defined as [36, 35]

B, t) = /D Gl — & A, 1)) 6(€.1)dé (122)

where in this expression, A denotes the filter-width that varies in time and space and D denotes the
infinite flow domain. In practice for discrete solution, the filtered variable ¢ in the z; direction at the
grid-point (x;); is computed by integrating the DNS variable ¢ over the cell {2 by means of an explicit

discrete approximation to the top hat filter defined as

m=l;

Bai); = G(O)A, (w:);) = Y ()imGl(w:)j4m — (1) Alwi);10[(2:) j4m] (123)

m=—nj
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or in a more practical way,
m=l;

Slei)j = D (a:)jm(é1)jm (124)
where (¢)j+m = O[(Ti)j4m), (@) jm = (%) imG[(T:)j4m — (z:)j, A(z;);] are some numerical coefficients
and nj, [; are integer variables € N used in the determination of the interval A[(z;);]. The numerical

integration covers a sufficiently wide interval

I(zi); = [(%:)j-ny» (Ti)j11,] (125)

and is characterized by integration weights (o). These integration weights are given by the quadrature
rule that is selected such as the composite trapezoidal rule or Simpson integration [51]. The trapezoidal
rule of integration is applied here because the spacings (A;)) = [(z;); — (#77);41] in wall unit of the
DNS grid are very small ((A;)] < 2.5), so that it is sufficiently accurate. The coefficient used in the
integration coincides with the spectral method of a flat low pass filter G3 for three point formulae
[35, 50]. This procedure is then applied for the velocity ¢ = u; in all ith directions and the filter-width
corresponding to the interval I(z;); computed as A[(z;);] = |(2i)j41, — (75)j-n,| is taken as the grid
size of the cell 2 of the coarse PITM mesh 84 x 42 x 128. The resolved scale turbulent energy is then

computed by the relation
1

The averaged resolved energy in space <k(7")> is given by taking the averaging in the homogeneous

directions leading to
1
(k) = 5 (@) = (w) (w) ) (127)
The subfilter scale turbulence energy is finally computed as the difference between the turbulent energy

k given by the DNS and the averaged resolved turbulent energy <k(7")> given by Eq. (127) as
(K@Y =k — (k) (128)

The objective is then to compute the ratio rpyg = <k:(5)> /k obtained from the DNS simulation [46]

and to compare its evolution with the PITM ratio value rp;7ys returned by the simulation.
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8.4 Numerical results

Figures 4-5 illustrate the PITM numerical simulation. Figure 4 exhibits the ratio A/Apy versus the
dimensionless wall distance for different values of the parameter ¢ introduced in Eq. (96) and for the
medium grid 84 x 42 x 128. This ratio measuring the degree of the grid anisotropy is relatively high
near the wall of around 3.5 and decreases regularly to unity when going away from the wall because the
grids become more isotropic. As the cutoff wave number is computed using the filter width k., = 7/A,
the ratio of the subgrid energy to the total energy is then affected by the calculation of the grid. In
particular, the subgrid energy contribution remains of higher intensity for anisotropic grids than for
isotropic grids. This figure simply confirms that the accounting for anisotropic grids in the wall region
is essential in PITM simulations. In practice the numerical value ¢ ~ 0.5 proved to be satisfactory.
Figure 5 displays the profile of the ratio of the turbulence length-scale Lt® = [ /L versus the
dimensionless wall distance returned both by the simulation and by Eq. (110) deduced from Eq. (7).
Except in the very near wall region where a discrepancy is observed between the computed and the
analytical results, probably due to the fact that the model does not work in a purely RANS mode
as expected for the present mesh, both profiles shows similar evolutions marked by a regular decrease.
Figure 6 illustrates the DNS simulation, it exhibits the evolution of the numerical ratio rpyg = <k:(3)> /k
obtained by filtering the DNS velocity field from the very fine DNS grid 1024 x 512 x 512 onto the PITM
coarse grid 84 x 42 x 128 as well as the PITM ratio rp;ray returned by the simulation. As a result
of interest, it is found that an excellent agreement is obtained in the logarithmic near wall region but
small discrepancies appear both far away from the wall and in the wall sublayer region. Indeed, the two
curves are very close together in the logarithmic wall region and afterwards slightly deviate from each
over when moving to the center of the channel. This result shows that the PITM method returns a
modeled energy <k5(3)> that is consistent with the coarse grid used in the simulation of the channel flow
studied here. In that sense, it is a good achievement that the partially integrated transport modeling
gives such a degree of accuracy in the near equilibrium wall region. The discrepancy observed in the
center of the channel may arise from the cross correlations between the small scales and large scales
that have been omitted in practice (see Appendix A). In the immediate vicinity of the wall, the low
Reynolds effects may obscure the physical behavior. We shall thus remember the good agreement in the

equilibrium layer which is the main interest of the present study. If these DNS results cannot constitute
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Figure 4: Variation of the ratio A/Apy versus the dimensionless wall distance for different values of
the parameter ¢ introduced in Eq. (96). ( =0.25:»;(=050: €;(=0.75: A;(=1: A/Apy=1.
Medium grid 84 x 42 x 128

a mathematical proof, they however support the correct behavior of the subfilter model. Figure 7 shows
the plots of the ratio R(r) = (CE(QS e )) /(Ce, —C,) determined analytically in the PITM model versus
the calculated ratio r = <k(8)> /k returned by the PITM numerical simulation, using points located in
the direction normal to the wall.  The results are obtained from the PITM simulations performed on
the coarse and medium grids. One can see that this ratio evolves linearly as expected, except in the
immediate vicinity of the wall where the ratio <k(s)> /k takes on its maximum values. The deviation
from the linear law is due to the fact that the computed ratio <k(5)> /k returned by the simulation is
not equal to the target equilibrium value given by Eq. (7), as explained before. Consequently, the truly
linear profile can be achieved only in equilibrium regions such as the logarithmic region. This figure
clearly supports the behavior R = r for the model in non-homogeneous flows (as well as homogeneous

flows) in the near equilibrium region. As already observed in Fig. 6, this one also suggests that

37



0.8 4

L

0.4 .

0.2 :

0 100 200 300 400

X3

)= L /L versus the dimensionless

Figure 5: Variation of the ratio of the turbulence length-scale L+t
wall distance. Analytical profile computed by Eq. (110) : e. Numerical profile : A. Medium grid
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roughly one-third of energy is modeled while two-third of energy is explicitly simulated in the present
case. This is merely a consequence of the particular choice of grid point distribution. We underline
again that the ratio r does not necessarily reach its target value r., in the mechanism associated with
Eq.(121) in zones of the flow that may be out of spectral equilibrium [52, 53, 54]. This result is in
perfect agreement with the computational ratio value rpyg plotted in Fig. 6 providing an additional
favorable behavior concerning the spectral distribution of energy. As the turbulent channel flow has
been deeply investigated in previous papers by the authors themselves using different variants of the
subfilter scale stress model [11, 20, 43], only few results of the simulation performed recently by Chaouat
[35] are recalled to serve as a discussion for the sake of consistency. In this latter reference paper mainly
devoted to the commutation errors, numerical channel flow simulations were carried out on several grids
including a sudden grid step increase in the grid-size in the streamwise direction. Some figures in this

reference are discussed here to serve as illustration of the model capabilities related to the connection
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Figure 6: Computation of the numerical ratio rpys = <k(s)> /k using the DNS data [46] associated with
the refined grid 1024 x 512 x 512 in comparison with the PITM ratio rprry computed on the coarse
grid 84 x 42 x 128. The filtered velocity fields are performed using the filtering operator G defined in
Eq. (124) applied on the DNS velocity fields. rp;ry @ ®; rpys @ A

between grid and partial subfilter energy. The turbulence intensities associated with the subfilter scale
stresses <7‘i(is)> and the large scales stresses <7‘i(ir)> in the plane section of the channel versus the wall
coordinate has revealed that the core flow is governed by the large scales of the flow whereas the wall
flow region is dominated by the subfilter scales marked by the presence of the peaks of turbulence in
the immediate vicinity of the wall (see Fig. 4 in Ref. [35]). The profiles of the streamwise, spanwise
and normal turbulence intensities computed as the sum of the subgrid and resolved scale contributions
has indicated a good overall agreement with the DNS data [35] (see Fig. 5 in Ref. [35]). At least, it
can be noted that the sharing out of the turbulent energy among the subgrid and resolved contribution
was studied in detail. It has been found that when the grid-size is modified (for instance increased),
then a part of the energy contained into the resolved scales is removed and fed into the modeled scale

but as expected, the sum of the modeled and resolved energy contribution remains almost the same.
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Figure 7: Variation of the analytical ratio R(r) = (C’S l_ct )) /(C,, — C¢,) given by equation (8) versus
the numerical ratio r = <k:(3)> /k computed from the simulation at points in the normal direction to the

wall. Coarse grid 84 x 42 x 84 : A. Medium grid 84 x 42 x 128 : e

Hence, it has been proved that the PITM model satisfies some principle of the energy conservation
through the cutoff. The numerical results presented before are not intended to produce any proof of
the linear behavior of the control function but it can be considered as a theoretical verification of the

overall consistency of the previous results established from the variational analysis.

9 Conclusion

An heuristic study of the control mechanisms acting in the PITM hybrid models in response to variations
in subfilter width has been carried on. It has been shown that the control function in the dissipation-rate
transport equation in the PITM framework remains valid both in homogeneous turbulence and also as

expected in non-homogeneous turbulence. In particular, the analysis based on variational calculus has
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been worked out and allowed to recover the exact linear dependence of the dissipation-rate coefficient
with the partial energy ratio. This outcome put in light some functional aspects of the method in
perfect agreement with the original PITM derivation. In addition, the problem of the cutoff wavenumber
which characterizes the grid step size has been analyzed in detail and a practical formulae has been
recommended to deal with anisotropic grids. To illustrate this point, the fully developed turbulent
channel flow has been performed on several grids with respect to different filter widths and DNS data
have been used to compute the ratio <k(5)> /k. As expected, this application confirms that the linear
relation R(r) = r is well verified according to the mathematical framework put in place. Satisfactory
results for the subfilter energies were obtained, provided a well suited account of filter anisotropy is
made. The present work should be helpful for users involved in hybrid RANS/LES methods and
particularly the PITM method not only from a theoretical point of view but also in a practical point of
view for simulating turbulent flows on relatively coarse grids with a drastic reduction of computational

ressources.

A Mathematical properties

Let us consider
7(f.9)=Ffg—fg (129)
and
7(f.9.h) = fgh— fr(g,h) — gr(h. f) = hr(f,9) = fgh (130)

Eq. (129) can be developed in the following form as

T(f,9) = fi— fg+ fo> +3F° + P9~ (131)

It is then possible to get the averaging in statistical sense of (131) as

(r(£.9)) = (F3) = (fa) + (fo7) + (3F") + (F° ") (132)

Strictly speaking, the filtering process leads to mathematical non-equality (¢) = <ng5> # (¢) for any
variable ¢. To recover <<;§> = (¢), the key concept is to consider the tangent homogeneous anisotropic

turbulence field at the physical space location implying that the variation of the mean varibale ¢ is
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accounted for by the use of Taylor series expansion in space limited to the linear terms [22, 36, 35]. In
practice, <¢3> ~ (¢) only if the variation of the flow velocities over the filter width is not too large. In
the framework of the tangent homogeneous space and the spectral cutoff filter, @ = <<5> = (¢) and
(0~ ¢<) =0, so that Eq. (132) reduces to

(r(f,9)) = (f797) (133)
and we get also
(r(f.9,h)) =(f"g7h") (134)
In particular, the subfilter scale stress tensor defined in large eddy simulation is then

Tz(;) = T(ui, uj) = uiuj — ﬂiﬂj (135)

while the resolved scale stress tensor is
) = gty — () () (136)
so that

my = ) = — () () (137)
In RANS modeling, the Reynolds stress tensor accounting for the total fluctuating velocities is defined

as
Rij = (uiu;) — (i) (u;) (138)
Using the decomposition ¢ = (¢) + ¢ + ¢~, the Reynolds stress tensor R;; can be rewritten as
Rij = (uiuy ) + (u7u; ) + (uiu; ) + (uul) (139)
So that, assuming that the correlation between the small scale and large scale <uz<u]>> are small com-

pared to the other correlations, R;; can be computed in a first approximation as the sum of the statistical

average of subfilter and resolved stresses

Ry ~ <Tz’(js+r)> = <Ti(j3)> + <7'z'(jr)> (140)
and the contraction of the tensors appearing in Eq. (140) leads to
ke (RE) = (B9 + (k) (141)

where k) and k") are the filtered subfilter and resolved turbulence energy, respectively. This relation

is strictly true in the case of the spectral cutoff filter, and only approximate in the case of a sharp filter.

42



B  Formal derivative operators

For sake of clarity, we consider in this section the use of a uniform spectral cutoff filter [22, 36, 35]. As

recalled in Appendix A, each variable ¢ can be decomposed into a statistical mean (¢), a macro-scale

fluctuation ¢< and a micro-scale fluctuation ¢~. Using this decomposition for the velocity, it is a simple

matter to see that the mass conservation implies

8uj< 8u]>
e AW A
al‘j al‘j

But the spectral cutoff filter also yields

ou;  Ouy
_— = — = O
aSL’j aSL’j
The particle derivative in the instantaneous flow is given by
dop _ 09 . o¢
- = U, —
dt ot 70w
The material derivative accounting for the statistical velocity is
D¢ _ 0¢ 99
D "o Wl gy

)5

The material derivative accounting for the filtered velocity is

Doy 09 oo 0¢ L)
Dr o gy, T Tl T

and in particular

or equivalently

Dt Dt ' ox,
so that the averaging in the statistical sense of Eq. (147) is

D¢ () d(9) <
<Ft>_ o T >a—+a (uj ) +

%—%_’_ <a¢

On the other hand, applying a filtering process on Eq. (147) gives
Dy D¢
Dt Dt
43

<09
ax]

3¢
I Ox

(142)

(143)

(144)

(145)

(146)

(147)

(148)

(149)
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Using (143), Eq. (149) can be rewritten as

D 0 0 0

ot

leading to

More generally, from the definition

i 06 06 06 .00
oo Tl g Tl T gy

and one can also easily derive some useful relations such as

dp D¢  9u;¢
@ Dt o
<@> D(¢) 0

0
=2 2 i)+ — (u
dt /Dt +axj ( ¢>+axj (47 ¢)

Finally, note that
0 — 0
oz, (u5 ) = oz, (u5 @)

because (u;¢~) reduces to zero.

C Remark on turbulent flows near energetic equilibrium

(151)

(152)

(153)

(154)

(155)

(156)

In the framework of first-moment closure referring to eddy-viscosity turbulence models, the production

term, without prejudice to the reasoning, can be expressed as

. B2
P = 20—y (9:559)
with
1 /0u; Ou;
Sii = = ’ J
and
) ()2
yt - C‘u 5(8)

(157)

(158)

(159)



so that
(P~ 2 (V) (SSi) ~ 2 () (Si3) (Sig) + 2 (U1 ) (55555
ol O\ ja e L@\ [ (Ous  Oui (Ouf  Ouf

where the last term is the mean spectral flux F™). As it is clear from equation (160), the averaging in

a statistical sense of the subfilter production (including the mean flow production and the production
from the large resolved scales giving rise to ") approaches the RANS production, i.e., <P(S)> ~ P
and the same result prevails for the subfilter dissipation-rate <5(s)> ~ ¢ for flows close to energetic

equilibrium so that

P~ (PY) ~ 21, (S;;) (Si;) (161)
where 1, denotes the turbulent eddy viscosity in RANS modeling given by
/{ZQ
vy = Cu? (162)

involving the total kinetic energy. All these relations can be also rewritten

P=2 <Vt(3)> (Sij) (Sij) +2 <Vt(s)> (5555

ig Mg
~2(U) (5;55) ~ 2 (Sy) (i) (163)

These relations are recalling the Heisenberg hypothesis is spectral space [55] assuming that the effect
of the small eddies with wavenumbers larger than x by which energy is withdrawn from larger eddies
with wavenumbers smaller than x is described through a small scales eddy viscosity. Then the spectral

flux is represented as the product of two integrals in the domains [0, x| and [k, oo] as in Eq. (163).

D  Order of magnitude of the resolved part of the turbulent

diffusion

We consider the resolved part of the turbulent advection denoted J™) of any arbitrary variable ¢ due

to the macro-scale fluctuation velocity u; as

0

I (W) = =7, (4507) (164)
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and which becomes a turbulent diffusion term once statistically averaged.
<J(”(¢)> = % () (165)
¥ Oxj N

The large scale fluctuation variable 1)< = 1) — (3} is fully resolved in the numerical simulation but for
convenience an analytical approximation can be easily obtained considering the convection process by

means of the large scale fluctuating velocity u;~ and using the time scale of the resolved eddies (") as

S & () (2 +us ) = () () (166)
where .
k, T

7 50 (167)

corresponds to the displacement time of an eddy before loosing its individuality. The approximation
of the fluctuation corresponding to a wavelength range [k1, ko is approached by characteristic the time
scale of this range of eddies multiplied by the gradient of the filtered field with a cutoff at x;. If Ky = 0,
then the use of the gradient of the mean value is natural. Then, Taylor series expansion of Eq. (166)

limited to the first order yields

0%~ T(r)@?ﬁ’j (168)
So that
9 ()
r) _ Y |,<, <. 1
Jy o, [uj UST 8xm] (169)
or in a first approximation by neglecting the cross-correlations
0 9 |2 () 0 [ (kD) o)
(r) — L <ah< a2 < < (1) ~
o ) axjujw 0z; [3 mtim &le Cw&vcj [ €)  Ox; (170)

where Cy, is a numerical coefficient introduced to describe the diffusion process, leading to

EM)?
(1) ~ %% K ( E(S)) > %<_;/1>] -

Moreover, for the instantaneous value ¢ = (1) 4+ <, a fluctuating part remains

, , < o [/ (EN*\ o
Ji(ﬂ)(¢):<‘]@(b)>+‘]1(ﬂ) :Clﬂa—xj [<(6(s)) > a;]?
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Similarly, the diffusion process caused by the micro-scale fluctuation ¢~ is then can be computed as

V7 &P (2 + w7 ) — P(ay) (173)
with “
kS
(s) ~
T ~ 6(5) (174)
leading to B
o~ A%;% (175)
so that
0 o [ (k)" a9 0 [ (k)"0 () 0 [ (k)" oy~
(s) — > - N
Ty (W) = ax]< V)= Cwaxj [ € Ox; Cwam ) Oz +Cw8xj es)  Ox;

(176)

The total mean diffusion involving the micro-scale and the macro-scale is therefore

(s+1)\ _ / 1) o\ 0 [JED) RO\ ow)] o [/ B R\ 6 w)
(167 = (22 (1) = s |(FT DN 00 g 2 () ol

(177)
or in a more compact form
o (k,(err))2 o <,¢}>
(s+r)\
<Jw > - Cwal‘j [< 6(5) axj (178)
that is to say
k20 (V)
(s+r)
<Jw > g 0z; [ e Ox; (179)

Note that the mean diffusion originating from the resolved scales is non zero only in the case of triple
correlations. Indeed, as already remarked, double correlations between large scale and small scale
fluctuations are always zero (u~u;) = 0. In contrast, for triple correlations like <uj<k:(s)/> with k&) =
O 4+ k&> kO = ufus — (ufus) and k> = wfu? — (u7u]), it appears (uik®)) = (uFk<). In
practice, an approximation of <J1(;)> and <J$)> for practical use are thus

(s y
(77) = Cwax [is)z ;?] (180)
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and

, o [(k™) 0y
<pr>> ~Cogy [26(—%;72] (181)

We have thus approximated both the large scale fluctuating diffusion term and the small scale averaged

one in a consistent way.

E  Variational calculus of the diffusion terms J@(Z)SJFT)(@D)

The general expressions of the diffusion terms Ji([)(@/)) and J1(p8) (¢) are given by Eqgs. (172) and (176)
in which k™, k) and € are all functions of (z;,t). In a first approximation, the functional variations
of 1(x;,t) can be computed as di(x;,t) = ((x;,t)da, where ((z;,t) is a function in space and time
while da is a small scalar increment, it clearly emphasizes the fact that ¢ is a functional variation of
whose magnitude is controlled by da while keeping the same shape ((z;,t). If 9/0z; is the usual partial
differential operator in x; (or ¢ ) corresponding to the usual first partial derivative, then one can write

5 (g;/’) (i,t) = 8(%?) (5,1) = 81 ¢ (i, 1)] 6 (182)

regardless the particular shape of the ¢ (z;,t) curve. Then, assuming that the function ((z;,t) roughly

keeps the same shape as the original function v (z;,t), that is to say

we get the following estimate
(2L

<§;i> (25,t) = 5—w(xi, t) = do (184)

ox; 77Z)
Applied to Eq. (178), one gets

k(s-H”) 2 9
sy )
(x4, 1) (185)

(:EZ)t) ~ 2
(s+1) k(s+m) 9
<J¢ > K( e(s>) > a&ﬂ

(s+7)
5<Jw >(I f}) ~ 25<k(8+r)>(x‘ t 5<6(S)>
<J;s+r)> v <k(s+7“)> v <6(S)>

and thus

(x;,t) (186)
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for ¢ = k() (2;,t) and ¢ = €®)(x;,t), respectively, considering that k¢+") = k() + k(") remains approxi-

matively constant when the cutoff is varied, Eq. (186) reduces to

5 <ij+ ”> 5 ()
Ty =

¥

6 ()
()

Due to the implicit j summation in Eq. (178), one may reasonably wonder if Eq. (185) is valid. This
equation is still verified because for each value of j, (j=1,2 and 3), the same approximation given by
Eq. (186) is obtained so that

§ <J1(f+r)> B J <J1(fj2> B 5<J$;Z;> B 5<J1(;;Zi)”> _ 5<J$;ﬂ3> (188)

(s+7) N (s+7) n (s+r) o (s+7) o (s+r)

Note that the relations (182) and (184) are also valid for instantaneous quantities but in this case da

becomes fluctuating.
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