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Abstract

We present the mathematical framework of the PITM
method in the spectral space of wave numbers from a
physical standpoint. This framework is then used to
develop subfilter turbulence models accounting for the
main physical process such as production, dissipation
and transfer of turbulence energy. Then, we present
briefly several flows encountered in engineering applica-
tions to show that the PITM method gains interest not
only from a theoretical point of view but also from a
practical point of view for users involved in CFD.

1 Background and rationale

Different methods have been developed in the past fifty
years for simulating turbulent flows [1, 2]. On the one
hand, the direct numerical simulation (DNS) is obviously
the best tool to consider but it is out of reach up to
present day for practical complex applications, even if
using supercomputers. Large eddy simulation (LES) is a
promising method but still remains also extremely costly
in computer resources at large Reynolds numbers [3]. On
the other hand, the Reynolds Averaged Navier-Stokes
(RANS) method works relatively well for quasi-steady
flows in the mean [4] but shows however some weaknesses
in capturing the large scale turbulent eddies [5]. To over-
come these difficulties, researchers have developed hybrid
RANS/LES methods in the past two-decade to simulate
industrial flows on coarse grids with acceptable computer
resources. These main schools of hybrid RANS/LES
modelling [6] are the very large eddy simulation (VLES)
[7], detached eddy simulation (DES) [8], partially inte-
grated transport modelling (PITM) [9, 10, 11], partially
averaged Navier-Stokes (PANS) [12] and scale adaptive
approach (SAS) [13]. Contrarily to zonal hybrid mod-
els often based on empirical techniques with the over-
whelming problems caused by the so-called gray zone,
the PITM method [9, 10, 11], gains a major interest both
from a theoretical and practical point of view because it
bridges the RANS and LES methodologies with seamless
coupling and allows to perform numerical simulations of
turbulent flows out of spectral equilibrium on relatively
coarse grids. In this present work, we will focus on the
mathematical framework of the PITM method developed
in the spectral space [14] and we will briefly present some
cases of application to complex flows [15].

2 The PITM method

2.1 Filtering process

In RANS methodology, each variable ¢ can be decom-
posed into a statistical part (¢) and a fluctuating part

¢’ such that ¢ = (¢) + ¢ whereas in large eddy simula-
tion, the variable ¢ is decomposed into a large scale (or
resolved part) ¢ and a subfilter-scale fluctuating part ¢~
or modeled part such that ¢ = ¢ + ¢~. The instanta-
neous fluctuation ¢’ contains the large scale fluctuating
part ¢< and the small scale fluctuating part ¢~ such
that ¢’ = ¢< + ¢~. The filtered variable ¢ is defined by
the filtering operation as the convolution with a filter G
in space ¢ = G * ¢ that leads to the computation of a
variable convolution integral

oz t) = | Glo—§& Az, t)]o(&,t)d§ (1)
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where in this expression, A denotes the filter-width that
varies in time and space and () denotes the flow domain.
Obviously, the properties of the filtering operator are
different from those of the statistical averaging process so
that there is no direct connection between the averaged
field in a statistical sense and the filtered field in LES. All
these difficulties may disappear if considering the tangent
homogeneous anisotropic turbulence field at the physical
space location X within the nonhomogeneous field [14].
In this framework, the variation of the mean velocities
uy, is accounted for by the use of Taylor series expansion
in space limited to the linear terms such that (ug) (X, +
Em) = (uk) (Xpm) + Ag;&; where Ay; is a constant tensor
and we recover the interesting property establishing the
link between the RANS and LES methodologies [14, 17]

(ur)(Xm + &m) = (ur) (Xom) (2)
Strictly speaking, (¢) = <¢_)> = (¢) stands only in the
tangent homogeneous space. In practice however, one
can assume that (@) ~ (¢) if the variation of the flow
velocities over the filter width is not too large.

2.2 Basic equations in the spectral space
2.2.1 Turbulent velocity fields

The PITM method finds its physical foundation in the
spectral space of wave vectors [14]. The theory deals
with the dynamic equation of the two-point fluctuating
velocity correlations in their extensions to nonhomoge-
neous turbulence. By using the Fourier transform given

by
&XM:/MX@wMﬁ%Nﬁ 3)

and performing averaging on spherical shells on the dy-
namic equation defined as [16]
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where A(k) denotes the spherical shell of radius &, it
is then possible to derive the evolution equation of the
spectral velocity correlation tensor in one-dimensional
spectral space accounting for the spectral terms of trans-
fer, production and dissipation that play a crucial role in
PITM. As a result, the transport equation of the spheri-
cal average of the Fourier transform of the two-point cor-

relation tensor ¢;; (X, k) = <u;u;(X)>A (k) reads [14]

&pij (X, /i) &pij (X, /i)
g T lm) (X) =

+Tij (X, k) + Vi (X, k) + T35 (X, k) — E5(X, k) (5)

== Pij(X, H)

where in this equation, the function ¢;; denotes the
spherical mean of the Fourier transform of the two-point
velocity correlation tensor, P;; represents the production
term, 7;; is the total transfer term, W;; is the redistribu-
tion term, J;; embodies all the diffusion like terms, and
&;;j denotes the stress dissipation rate, X is located mid-
way between the two points and x is the wave number.
In particular, the production term P;; is given by

9 (uy) 9 (u;)

Pij(X, k) = —pir(X, k) X, X, (6)

- Sojk(Xa H)

and the dissipation term &;; is defined by

382501-]-(X,n)

(X _
£ij (X, ) =3 X, X,

+ 21//£2goij(X, k) (7)

where v stands for the molecular viscosity. The equation
for the turbulence energy spectrum E = ¢;;/2 is simply
obtained by tensorial contraction of (Eq. (5)) leading to

GE(X, H) 6Eij (X, /i) o
PEOC) ¢ty (02 i )
+T(X,k)+ T (X, k) —E(X,K) (8)

where P = P /2, T = Toum /2, T = Tmm/2 and fi-
nally, & = Em /2. In the following, we will restrict the
study to homogeneous flows for sake of clarity and sim-
plification so that the diffusion terms vanishes and the
variable X is omitted. Exiled in one-dimensional spec-
tral space, the turbulence quantities become only func-
tions of the scalar wave number rather than the full wave
vector. The PITM equations are formally obtained from
integration of equation (Eq. (5)) in the wave number
ranges [0, K|, [Ke, ka] and [kq, 0o, where k. is the cutoff
wave number linked to the filter size A by k. = /A, and
kq is the dissipative wave number located at the far end
of the inertial range of the spectrum assuming that the
energy pertaining to higher wave numbers is negligible
[10, 11]. As a result, one then obtain for each spectral
region

67’1']‘[

for the large resolved scales and

Kd
Tij[nc,n.i] - / Pij (Hﬂf)dﬁ (13)

c

for the smaller modeled scales. The redistribution term

Hij[fic ] is given by
Kd
Hij[nc,n,i] :/"i \I/ij(li,f)dli (14)
The subgrid viscous dissipation-rate reads
(€17) penroo] = / E45 (1 )i (15)
Kd

The total flux of energy transfer through the cutoff .,
is obtained from

Fij(ke,t) = Fij(Ke, t) + Kij(ke, t) (16)
where 5
Ke
Kij(Ke,t) = *%‘j('ﬁ:i)g (17)

with the definition
Fiy(knt) = / Tos (6! )i = — / T, )de (18)
K 0

Eq. (11) indicates that the tensorial dissipation-rate can
be considered as a spectral flux that is independent of
the cutoff wave number k.. Its theoretical expression is
given by Eq. (15). Combining Eq. (10) with Eq. (11)
results in the transport equation for the subgrid scale

stress Tid 1o s5a)] in the statistical sense
aT'j
AR Ke
g = Diipeewa T Fid(Ret) = ij (e, )=
i e ea) — (€05 [as00l (19)

This equation allows to single out the role played by
the term accounting for the variation of the cutoff wave
number /Cj;(kc,t) on the modeled/resolved scales. The
corresponding transfer K(k.,t) associated with the tur-
bulent kinetic energy can be also written [17, 18]

Oke Ok, kg OA
—E ¢ — Reldl 77
(he: ) 5 oA ot

K(ke,t) = (20)

showing clearly that it is a function of the derivative of
the subgrid energy to the grid-size. In case the grid-
size increases in time 0A(t)/0t > 0 or K(k.) > 0, then a
part of the energy contained into the resolved scales is
removed and fed into the modeled spectral zone, whereas
on the contrary, when 9A(t)/dt < 0 or K(k.) <0, a
part of energy coming from the modeled zone is injected
into the resolved scales [17, 18]. It is simple matter to
show that 7;; [esria] corresponds in fact to the statistical

averaging of the subgrid scale fluctuating velocities, more
precisely

Tij g = ((Tig)sfs) = (uiug) (21)
where (7;;)sfs and ksfs = (Tmm)sfs/2 denote the subfil-
ter stress and subfilter energy, respectively, in the more

general case where the filter is greater than the grid-size
(as it has to be). Eq. (19) involving the evolution of

0,K¢
T] = Pijio,) — Fig (e, t) = Kij (e, 1)
+11;; [0,kc] 9)
8717- -
% = Pij, g — Fii(Ka; 1) = Kij(Ka, 1)
i (KC’ t) + Icij (KC’ t) + Hij[ﬁc,nd] (10)
0 = Fij(Ka,t) = €ij,, oo (11)
where )
Tij[O,nc] :/O (pij(li,t)dﬁ (12)
2
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the subfilter-scale stress (7;;)srs can be rewritten in an
instantaneous form as

OTij)sts O(7ij)sgs OA
I\ liglsts _ (poy o Z\i)sfs 2
o~ Pl ¥ TR0
+(ILij)sps — (€i5)sts (22)
where
(Pij)sts = (Pij)ine,na) + Fij(ke) (23)
(ILij)sps = (ij) (s ra) (24)
(€i5)sfs = (€if)[ma,o0] (25)
and in a contracted tensor form
ks ks o OA
= — — €gtg 2
ot It ToA or G (26)

So, at the wavenumber k4, all the preceding hypothe-
ses imply F'(kq) = € = €55, the turbulence Reynolds
number being supposed to be large. Like in the RANS
multiscale approach [21], the wavenumber x4 is defined

such that
€sfs

Kd — ke = C 3/2 (27)
ksfs

where the value of the numerical coefficient ¢ is chosen
to ensure that the wavenumber k4 is always sufficiently
large in order to leave the entire inertial region. The
dissipation rate equation is then obtained by taking the
derivative of Eq. (27) with respect to time. Hence, one
can easily obtain [9, 10, 14]

Ocsts €sts Okgps OA
= C¢, (Psfs _)
ot Foss oA ot
€2f
“Ceoyts ksfs (28)

with ¢, = 2. Then, it is also found [9, 10, 14] that

(]:(Hd) - F(fid))

€

c _§ ksfs
€2sfs 2

(K — ki) E(kq)

r (Hc))

E('%d) (]:("ﬁc) B (29)

€

Setting kg > ke, and E(kq) < E(ke), Eq. (29) reduces
to

Ceasfs ("ﬁc) =

g ksys(ke) (f(ﬁd)—F(“d)) (30)

 kaE(kq) €

which is valid for any value of k.. Considering this equa-
tion for k. = 0 so that ksrs(0) = k in pure RANS mod-
elling, and combining Eq. (30) with this equation for
ke = 0, it is then simple matter to show that [9, 10]

3 ksys 3
Cersps = 5 =+ L <c€2 - §> (31)

The numerical value ¢., = 3/2 can be re-adjusted if nec-
essary to a different value and the more general expres-
sion for c,,,, is [11]

kZS (C€2 - Cﬁl) (32)

Cﬁzsfs = C€1 +

The ratio ksss/k appearing in Eq. (31) can be calibrated
as a function of the location of the cutoff wave number.

In the first version of the PITM method [9, 10], this
ratio was computed by integrating the Kolmogorov law
in the wave number range [£.., oo taking into account the
limiting condition when ks approaches k leading to

Cey — Cey
1+ B’
where 1. = k.Le, Lo = k%/?/e and 8 = 2/(3Ck). Then,
in more advanced PITM models, the universal spectrum

(6]

(33)

c€2sfs = C€1 +

2 a—1
B(r) = LT Lek (3)

[+ AL
where « and (8 are constant coefficients given by ay =
2/3 and 8 = [2/(3Ck)]" to comply with the Kolmogorov
law, was considered to better describe the spectrum at
the origin of small wave numbers. As known, in this re-
gion, the spectrum behaves like E(k) = o< k%71 taking
into account the hypothesis of permanence of very large
eddies. Using Eq. (34), it is a simple matter to compute
the ratio ksrs/k, leading to the more accurate computa-
tion of the coefficient c,,,, than Eq. (33) as

C€2 — CEI
[1+ Bnel”

In practice [5, 6, 19, 20, 22], the coefficients used in
Eq. (34) are @ = 3 and v = 2/9. This feature first in-
troduced in [9, 10] was more recently imported into the
PANS model [33] allowing decisive improvements. Un-
like RANS closures, Eq. (35) sensitizes the model to the
filter width [18, 17] (or in practice the grid-size A), and
tends to draw the spectral distribution towards the pre-
scribed equilibrium distribution given by Eq. (34). The
set of the final transport equations for (7;;)srs and €sys
accounting for non-homogeneous flows with varying filter
width in time and space are given in Refs. [17, 18]. The
different contributions appearing in Eq. (22) including
the diffusion term read

(35)

Cezsps — Cey +

ou; ouy;
(Pij)sps = _(Tik)sfsa—z; - (Tjk)sfsa—x; (36)
the redistribution term (II;;)sss is decomposed into
a slow part (II};)srs that characterizes the return to

isotropy due to the action of subgrid turbulence on it-
self

€sfs 1
(I5)sfs = fclk? <(Tz‘j)sfs - g(Tmm)sfS‘Sij) (37)

and a rapid part, (II7;)sss that describes the action of
the filtered velocity gradients

(H?j)sfs = —C2 <(Pij)sfs - %(Pmm)sfs 5ij> (38)

where ¢y plays the same role as the Rotta coefficient but
is no longer constant whereas cs is the same coefficient
used in RANS modelling. The diffusion terms (J;;)s7s is
modeled assuming a well-known gradient law

0 a(Tij)sfs ksfs a(Tij)SfS

Oz, (V 0T, tos €sts (Tmi)sss oxy
(39)

The diffusion term

(Jij)sfs =

where ¢y is a constant coefficient.

(Je)sss included in Eq. (28) reads

8 865 s ks s 865 S
@M—( Mcfmmwi)m>

v
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where ¢, is a constant coefficient. In a general way, the
derivative 0¢/OA can be computed is computed by ap-
plying a second filtering operation with a larger filter
width leading to

BA +68) — §(A) _ 9(A) - 3(A)

0A A—A

8_(,5 = lim
OA A0

(41)

where A is the filter width of the grid-size A, and A
denotes the superfilter width of A. Eq. (41) can be ap-
plied easily for the the subfilter scale stress (7;;)s7s with

respect to the filter width A leading to [17]

OTij)sys ., (Tig)sgs(B) = (Tij)sps (A)
O0A E _A
_ (W — i) — (@i — wity) (42)
A—A

The transfer flux K(k.) can be computed from tensorial
contraction of Eq. (42) but also in a theoretical way from
Eq. (34) as in [17]

—Y_H
ksfs) v k  OA

2
Klre) = 3hlmLe)® <T Xz

(43)
Note that these commutation terms like in Eq. (26) are
needed explicitly only for strong variations in mesh den-
sity.

2.2.2 Turbulent passive scalar field

It is possible to extend the PITM method developed for
dynamic turbulent fields to scalar fields. In the follow-
ing, we will only indicates the basic guidelines leading to
the variance and scalar dissipation equations of a pas-
sive scalar. The key is to work in the spectral space.
The spectral transport equation of the scalar variance

denoted Fy(X,r) = (0'0'(X))* (k)/2 reads [23]

OB () () 2L — py
+To(X, k) + Jo (X, k) — Eg(X, K) (44)

where in the right hand side of this equation, Py is the
production of half the scalar variance by mean gradients
of the scalar, Ty is the spectral transfer driven by the
eddying motions in the inertial cascade, Jp is the diffu-
sion term and &y denotes the dissipation term of half the
scalar variance. In particular, the production term Py is
defined by

Po(X 1) = —30(X, 1) 2 (45)

where @;o(X, K, t) = <u;9’(X)>A (k,t) whereas the dis-

sipation term reads

g 62E9 (X, /ﬁ) 9
Eo(X, k) 2 OX,0X, +20k°Ep(X, k) (46)
where o denotes the molecular diffusivity computed as
o = v/Pr using the molecular Prandtl number Pr.
Eq. (44) can be integrated in the same way as Eq. (5) but
in the domains [0, k¢, [Ke, Ke] and [ke, 00] where k. de-
notes here the high end wave number that can be larger

or smaller than k. and different from k4, leading to the
resulting equations

0ko[o.1,

g; ] _ Pog,) — Folkic,t) — Ko(kie, ) (47)

Okofr. k.

[af, ] - Pe[”ica"ie] - fe(’i&t) - ICG(Hea t)
+Fo (’%Ca t) + Ko ("ﬁca t) (48)
0= Fo(ke) = €900 (49)
where ;
Koo,k = / Ey(k,t)dr (50)
0

ke[’%a”e] = Ee(’%’ t)d"ﬁ (51)
(€0) 1o ,00[ = Eo(k,t)dk (52)

Ke

The total flux of variance Fy(k) at the wave number &,
of the spectrum FEj is then given by

Fy(ke, t) = Fo(ke, t) + Ko(key t) (53)

where
Ok

ICQ(FLC, t) = —EQ(HC, t)ﬁ

with the definition
Folrt) = / o', t)d’ = / To(s', )’ (55)
K 0

The subfilterscale variance of the passive scalar is defined
as ko[, k] = (kosps) = (0767) /2. Combining these
equations, it is simple matter to show that Eq. (48) can
be rewritten as in an instantaneous form as

ke sfs
ot

where Eq. (56) expresses simply that the subfilter tur-
bulence scalar variance is computed as the integral of
the variance density in the interval [k, k.|, consider-
ing that the variance in the zone [k., 00 is negligi-
ble. As the flux transfer at x. approaches the dissi-
pation Fy(k.) = e€p, like in Eq. (27), the wave num-
bers k. and k. can be then related in a such way that
ke — ke = O(1/lg) = O(ep/0%*u). Following the same
mathematical framework as in the preceding section step
by step, considering moreover the counterpart of Eq. (27)
transposed to the case of scalar fields, one can derive eas-
ily the transport equation of €y as for [25]

(54)

= PG[nc,kae] + Fg(/ic, t) — €g (56)

Oeg €0 €9
ot = 06991P95f8m + Cﬁeklpsfsﬁ
2
€ge €5
_C€9k2 Ff'g - C€9925fs kesfs (57)
with
PHsfs = PH[HC,KQ] + FQ(HC) (58)

and where ccy, , Ceyy s Ceqy, are constant coefficients
whereas ce,,, ., is now a dynamical coefficient involving
both the wave numbers k. and k.. For non-homogeneous
flows, the diffusion terms Jy and J., modeled assuming
the well-known tensorial gradient law hypothesis are in-
cluded into Eq. (56) and Eq. (57). At least, note that
Eq. (22), Eq. (26), Eq. (28), Eq. (56), Eq. (57) to be
solved in the PITM method require appropriate numer-
ical schemes both in time and space that are more accu-
rate than schemes used in the traditional RANS method
[26].
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2.3 Illustrations to several typical turbu-
lent flows

2.3.1 An overview

Several turbulent flows of complex physics have been per-
formed using the PITM method to this day. Among
these flows, it is worth mentioning pulsed flows [9], the
mixing of turbulent flow fields of differing scales [27],
thermal convection at high Rayleigh numbers [31], ro-
tating flows encountered in turbomachinery at the bulk
Reynolds number R, = Uyd/v = 14000 and at differ-
ent rotation numbers R, = Q0/U, varying from mod-
erate, medium and very high rotation rates R, = 0.17,
0.50 and 1.50 [20], flows with appreciable fluid injection
through the surface which correspond to the propellant
burning in solid rocket motors [10], flows over periodic
hills with separation and reattachment of the bound-
ary layer both at the Reynolds number Re = 10595
[24, 28, 29] and Re = 37000 [5], flow subjected to ax-
isymmetric contraction L22], airfoil flows at the Reynolds
number Re = 1.64 x 10° for an angle of attack 12° [30].
In the following, we point out and discuss some results
obtained for the flow over periodic hills involving turbu-
lence mechanisms associated with separation, recircula-
tion, reattachment, acceleration and wall effects.

2.3.2 The turbulent flow over periodic hills at
high Reynolds number

This flow was investigated experimentally at the two
Reynolds numbers Re = Uyh /v =10595 and 37000 based
on the hill height h and the bulk velocity U, about the
hill crest [32] and performed by Chaouat [24], Chaouat
and Schiestel [5]. Overall, it is found that the PITM re-

Figure 1: Streamlines of the average flowfield at
Re=10595. (a) RSM computation (80 x 30 x 100); (b)
PITM simulation (160 x 60 x 100).

produced fairly well this flow according to reference data
[32] while the RSM computation returned some weakness
in the predictions. Figures 1 and 2 show the streamlines
plot for the RSM computation and PITM simulation, re-
spectively. For the PITM, the plot are generated in two
dimensions and obtained by averaging the velocities both
in the homogeneous planes in the spanwise direction and
in time. The flow separation that is clearly visible is
caused by the adverse pressure gradient resulting from

Figure 2: Streamlines of the average flowfield at
Re=37000. (a) RSM computation (80 x 30 x 100); (b)
PITM simulation (160 x 60 x 100).

the strong streamwise curvature of the lower wall. Due
to the flow recirculation, a strong turbulence activity is
visible near the lower wall and this one is particularly
concentrated in the leeward region of the second hill. At
Re = 10595, the RSM model predicted a too small recir-
culation zone probably because the model cannot cap-
ture the large eddies naturally issued from the stream-
wise curvature of the lower wall that play a major role in
this type of flow. At Re = 37000, the recirculation zone
was on the contrary strongly under-predicted in compar-
ison with those measured from the experiment, mainly
because the separation is delayed. These flows were in-
vestigated in details in Refs [24, 5] showing the mean
velocity and turbulent stress profiles in several sections
of the channel with a comprehensive study.

3 Conclusions

The PITM method allowing seamless coupling between
RANS and LES regions has been developed to perform
numerical simulations of turbulent flows out of spectral
equilibrium on relatively coarse grids to overcome the
practical difficulties posed by LES. Unlike almost hy-
brid RANS/LES models that are built upon empirical
techniques, the PITM method relies on a mathemati-
cal framework developed in spectral space that provides
valuable physical grounds. We hope that this contribu-
tion will open promising routes for new future heuristic

developments in hybrid RANS/LES modelling.
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